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Abstract

The loading of classical data into a quantum computer represents an essential
requirement for emerging quantum computing fields such as quantum machine learn-
ing or quantum algorithms. Thus, the lack of protocols for efficient quantum state
preparation is a major bottleneck for their applicability. In this Master Thesis, we
introduce a quantum state preparation method that addresses this issue and solve
it for density functions. Based on the Grover-Rudolph algorithm and assuming an
acceptable error ε measured in terms of the fidelity, our proposed protocol reduces
the complexity from O(2n) to O(2k0(ε)) by clustering angles, with n the number of
qubits and k0(ε) asymptotically independent of n. Our result guarantees a dramatic
reduction in the number of two-qubit gates required for the loading discretized den-
sity functions. Therefore, the presented algorithm serves as a stepping stone for new
applications in quantum machine learning, and in quantum computation in general.
Additionally, we present an ansatz for variational models, inspired by our protocol,
that is capable of loading functions containing zeros, and thus do not satisfy the
necessary conditions of our procedure.
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CHAPTER 1

Introduction

Based on the principles of quantum mechanics, quantum computing was first
proposed in 1980 by the physicist Paul Benioff in his paper The computer as a phys-
ical system: A microscopic quantum mechanical Hamiltonian model of computers
as represented by Turing machines [1]. In the same year, the mathematician Yuri
Manin independently presented similar ideas in a book named Computable and Non-
Computable [2]. Later, in 1982, Richard Feynman published Simulating physics with
computers [3], a masterpiece in which he explored the idea of quantum simulations.
With the basis set, researchers all over the world began to investigate not only how
to build quantum computers, but also how to design quantum algorithms capable
to exploit quantum properties. One of the first quantum algorithms showing an ex-
ponential speedup over its classical counterpart is the Deutsch–Jozsa algorithm [4],
published in 1992 by David Deutsch and Richard Jozsa. Later, in 1994, Peter Shor
presented his factoring algorithm [5], a breakthrough which revolutionized this area
of knowledge. Propelled by these early results and the advances in experimental
quantum technologies, the interest in quantum computing has experienced a huge
boost during the last years. Indeed, the colossal efforts performed by research insti-
tutions and private companies have accelerated the development of this technology.

Regardless of the huge advances, the current situation is far from ideal. Nowa-
days, quantum computing finds itself in the Noisy Intermediate Scale Quantum
(NISQ) era [6]. What this means is that the simulations and their results are affected
by noise, and it can not be entirely corrected. Some of these error sources are, for in-
stance, the interactions between the computer and the environment and between the
qubits, known as decoherence and crosstalk, respectively. To mitigate these effects in
quantum computers, several schemes and procedures have been developed, forming
the areas of quantum error correction [7–10] and quantum error mitigation [11–13].
However, a large number of qubits is required to implement quantum error correction
techniques, so it is not feasible with the current quantum processors, which comprise
from tens to a few hundreds of physical qubits. Nonetheless, it has been proven mul-
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2 Introduction

tiple times that some calculations are performed much faster in a quantum computer
than in the most powerful supercomputers [14–16].

Unfortunately, there is no experimental evidence up to date that these results
can be utilised to solve functional problems, and thus this feat is lacking industrial
and scientific applicability. The assumption that data can be efficiently loaded into a
quantum device is a major drawback to realistically implement promising quantum
algorithms in several fields, like solving systems of linear equations [17,18], perform-
ing data fitting [19], computing scattering cross sections [20, 21] or pricing financial
derivatives [22,23]. Furthermore, a universally efficient method to extract useful in-
formation from processed quantum data still has not been developed, which is added
to the inherent limitations that the Holevo bound sets to this task [24].

In this regard, there is a growing need for efficient protocols to load classical data
into a quantum computer. Also, this demand has become even more relevant after
the emergence of quantum machine learning [25–28], and it is currently a major
bottleneck for practical applications in quantum computation. One of the main
algorithms for introducing density functions as quantum states was first developed
by Lov Grover and Terry Rudolph in 2002 [29]. Even though their procedure is able
to load many probability distributions into quantum states, the number of two-qubit
gates required scales with O(2n), where n denotes the number of qubits. Hence, for
a system with a large number of qubits, this algorithm is not feasible.

In this work, we propose a constructive protocol based on the Grover-Rudolph
algorithm that, by assuming an acceptable error in the final state, considerably
reduces its complexity. During the exploration of the Grover-Rudolph method, we
realized that, in most cases, the angles required for the circuit were very similar.
Then, we considered clustering them and analyzed the effect that this had on the
algorithm error. As a result, the complexity is reduced from O(2n) to O(2k0(ε)), with
k0(ε)� n and ε the acceptable error.

The overall structure of the study comprises six chapters, including the Intro-
duction. In Chapter 2, we present the theoretical background necessary to follow
this work. For that, we introduce the concepts of quantum bit or qubit, and quan-
tum gates, the essential components of digital quantum computing. Furthermore,
we present the building blocks of our protocol.
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Afterwards, in Chapter 3, we review the state of the art in quantum state prepa-
ration and describe the main available algorithms, depending on the type of data
encoding.

Once the theoretical bases are established and the existing techniques are studied,
we introduce our protocol in Chapter 4. We first develop its mathematical formula-
tion and state the final theorem that analytically supports our proposal. Then, we
review the behaviour of our algorithm with the normal distribution. Additionally, we
analyze the generalization of this procedure, providing intuition on how to approach
situations that are out of the scope of the theorem.

In Chapter 5, we propose an ansatz for loading classical data into quantum
states using variational circuits, which allows us to expand the range of functions
that satisfy the protocol introduced in the previous chapter.

Finally, in Chapter 6, we analyze the work done and conclude that the proposed
encoding method can overcome most of the existing protocols, in terms of the com-
plexity, and paves the way to advance in the development of efficient algorithms for
quantum state preparation.

The code developed during this Thesis, corresponding to chapters 4 and 5, is
included in the code appendix.
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CHAPTER 2

Background

In this chapter, we introduce the fundamentals of Quantum Computing and,
in particular, of Digital Quantum Computing (DQC). The building blocks of this
emergent computational paradigm are the quantum bits or qubits, which are the
basic logic units comprising quantum computers, and the quantum gates, which act
on them to perform logical operations. This section is mainly a review of Chapter 1
of Ref. [30,31].

2.1 Quantum Bits

The quantum bit is the quantum computing’s information unit. In contrast
with the binary duality of the classical bit, it can take the values 0, 1, or a linear
combination of both, phenomenon known as quantum superposition.

Physically, it is a manipulable two-level quantum system, whose implementation
and scalability is one of the cutting-edge problems in quantum computing. Some
of the most promising platforms proposed to realize qubits are trapped ions [32],
nuclear magnetic resonance (NMR) [33], quantum dots [34], photons [35], and last
but not least, superconducting circuits [36], on which leading tech companies such
as Google or IBM are focused.

Mathematically, a qubit state is represented by a vector lying in a two-dimensional
Hilbert space H, a vector space with inner product 〈a, b〉 and norm defined as
|a| =

√
〈a, a〉, for a, b ∈ H. A general state is written as

|Φ〉 = α |0〉+ β |1〉 , (2.1)

where |0〉 and |1〉 are the computational basis elements in the Z basis, and α, β ∈ C.
Here, α and β correspond to the probability amplitude of measuring either |0〉 or
|1〉, respectively. Hence, these values satisfy |α|2 + |β|2 = 1. Because of this last
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condition, we can also write the state as

|Φ〉 = cos θ |0〉+ eiφ sin θ |1〉 . (2.2)

This expression provides us a visualization of the states as points in a two-dimensional
sphere, called the Bloch sphere, depicted in Fig. (2.1).

φ

θ

x̂

ŷ

ẑ = |0〉

−ẑ = |1〉

|Φ〉

Figure 2.1: Bloch sphere representation.

For a system with multiple qubits, the global state lies in the tensor product of
the individual Hilbert spaces. So then, for n qubits, we have 2n basis states in Z

with the form of |b1〉⊗ |b2〉⊗ · · · ⊗ |bn〉 ≡ |b1b2 . . . bn〉, where each bi ∈ {0, 1} denotes
whether the i-th qubit is either in the state |0〉 or |1〉. This state can also be written
using a decimal index, such that |l〉 := |b1b2 . . . bn〉, with l =

∑n
j=1 bj2

n−j−1.

Let us now consider two quantum systems A and B along with their composite
system AB, whose Hilbert space is HA⊗HB. Then, if a state |Φ〉AB can be written
as a product state such that

|Φ〉AB = |φ〉A ⊗ |ψ〉B , (2.3)

it is called separable or product state. Otherwise, it is an entangled state. An example
of the latter case is the Bell state∣∣Ψ+

〉
AB

=
1√
2

(|0〉A ⊗ |1〉B + |1〉A ⊗ |0〉B) . (2.4)

As the name indicates, these states show quantum correlations between the two
systems. Therefore, this means that one system cannot be described independently
from the other. For instance, consider the state in Equation 2.4. If an observer in
the system A measures |0〉, the combined state collapses to |0〉A⊗ |1〉B. In this case,
an observer in B will always measure |1〉.
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2.2 Quantum Gates

When considering a classical computer, logic gates perform Boolean operations
in the digital circuits. In the quantum paradigm, the operations are realized by
reversible unitary operators.

There are different approaches to describe these operators. For instance, in the
Analog Quantum Computing (AQC) paradigm, this evolution in time is driven by
a system Hamiltonian, which simulates the behavior of the system that we want
to study. However, in the DQC approach, these operators are quantum gates rep-
resented as time-independent matrices, so time does not play a direct role. Also,
the Digital-Analog Quantum Computing (DAQC) [37] combines the two previous
techniques. In this work, though, we mainly focus on the DQC.

Following the DQC convention, in Fig. (2.2), we illustrate a quantum circuit
consisting of one qubit and two single-qubit gates, where the wire represents the
quantum bit. Notice that time goes from left to right, so the gates are applied
sequentially in that order.

|0〉 U1 U2 U2U1 |0〉

Figure 2.2: A simple quantum circuit in which the gates U1 and U2 are applied to
the state |0〉, resulting into the quantum state U2U1 |0〉.

Let us now get into more detail on the most relevant quantum gates, distinguish-
ing between one-qubit and multi-qubit gates.

2.2.1 Single-Qubit Gates

Single-qubit gates are the most elemental quantum gates and, as their name
indicates, they act on a single qubit, hence they do not create entanglement. In
fact, they are transformations that map one point of the Bloch sphere to another.
From now on, we use the computational basis {|0〉 , |1〉} to represent the operators’
matrices.



8 Background

The first one-qubit gate is the identity gate

1 =

(
1 0

0 1

)
, (2.5)

which leaves a state invariant. Even though it is not very relevant in a system with
only one qubit, this operator is essential when mathematically describing the result
of various gate operations or discussing multi-qubit gates.

Some other examples are the Pauli matrices X, Y , and Z, whose 2 × 2 matrix
representations are

X =

(
0 1

1 0

)
, Y =

(
0 −i
i 0

)
, Z =

(
1 0

0 −1

)
. (2.6)

In this basis, the X gate, also known as NOT, flips the states |0〉 and |1〉, while the
Y gate additionally adds a complex phase ±i. The Z gate adds a minus sign in front
of |1〉. This last gate is a particular case of the phase gate

P (ϕ) =

(
1 0

0 eiϕ

)
, (2.7)

an operator that rotates, by an angle ϕ, the phase of the state |1〉 in the z-axis.
Other common particular cases of this gate are the S = P (π/2) and T = P (π/4)

operators. In fact, they correspond to the square and fourth roots of Z, respectively.

Another relevant single qubit gate is the Hadamard gate,

H =
1√
2

(
1 1

1 −1

)
, (2.8)

which maps the basis states {|0〉 , |1〉} to
{
|+〉 = 1√

2
(|0〉+ |1〉), |−〉 = 1√

2
(|0〉 − |1〉)

}
,

thus creating superposition and transforming eigenstates of Z into eigenstates of X.

One last set of relevant quantum gates are the general single-qubit rotation op-
erators with respect to different axes:

Rx(θ) = e−i
θ
2
X =

(
cos( θ2) −i sin( θ2)

−i sin( θ2) cos( θ2)

)
(2.9)

Ry(θ) = e−i
θ
2
Y =

(
cos( θ2) − sin( θ2)

sin( θ2) cos( θ2)

)
(2.10)

Rz(θ) = e−i
θ
2
Z =

(
e−i

θ
2 0

0 ei
θ
2

)
(2.11)
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In particular, the Ry(θ) gate plays an essential role in preparing quantum states,
since it modifies the amplitudes of the state without adding complex phases.

Also, given an axis of rotation u, we can define a general rotation gate Ru(θ) as

Ru(θ) = e−i
θ
2
uσ = 1 cos

(
θ

2

)
− iuσ sin

(
θ

2

)
, (2.12)

where σ corresponds to the Pauli matrices.

Finally, any 2× 2 unitary matrix can be decomposed as

U = eiαRz(β)Ry(γ)Rz(δ), (2.13)

with α, β, γ, δ ∈ R [30, Section 4.2]. This means that we can implement any single
qubit quantum gate by employing single qubit rotations Ry and Rz.

2.2.2 Multiple-Qubit gates

Let us now explore the gates acting on several qubits, potentially creating en-
tanglement between them. The quintessential example of a two-qubit gate is the
controlled-not gate, denoted as CNOT. This unitary has two inputs, called control
and target. When the control is in the state |1〉, the NOT gate is applied to the
target state. Otherwise, the target remains invariant. In Fig. (2.3), we show the
circuit representing the CNOT gate and its matrix form, which corresponds to a
permutation matrix.

|Φ〉 |Φ〉

|Ψ〉 |Ψ′〉
CNOT =


1 0 0 0

0 1 0 0

0 0 0 1

0 0 1 0


= |0〉 〈0| ⊗ 1 + |1〉 〈1| ⊗X

Figure 2.3: On the left, the quantum circuit corresponding to the CNOT gate, where
|Φ〉 and |Ψ〉 depict the control and the target qubits, respectively. The control is not
changed by the CNOT, but the target is. On the right, the matrix representation of
such gate.
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A remarkable result regarding the CNOT gate is that it forms a universal set of
quantum gates along with the single-qubit gates Ry and Rz. Therefore, they can
represent any unitary, despite its dimension. This result is called the universality
principle, and its proof can be seen in Ref. [30, Ch. 4].

We also have the SWAP gate, whose circuit and matrix are depicted in Fig. (2.4).
This operator swaps the states of two qubits, so the information is interchanged.

|Φ〉 |Ψ〉

|Ψ〉 |Φ〉
SWAP =


1 0 0 0

0 0 1 0

0 1 0 0

0 0 0 1


Figure 2.4: On the left, the quantum circuit corresponding to the SWAP gate, where
the states |Φ〉 and |Ψ〉 are interchanged. On the right, the matrix representation of
such gate.

Another set of relevant unitaries are controlled gates, a generalization of the
CNOT. In this case, instead of applying a NOT when the control satisfies the
condition, another unitary is used. For instance, given a unitary U with form

U =

(
α β

γ δ

)
, the controlled-U gate is

controlled-U =


1 0 0 0

0 1 0 0

0 0 α β

0 0 γ δ

 = |0〉 〈0| ⊗ 1 + |1〉 〈1| ⊗ U. (2.14)

We can also consider the negative controlled-U gate, where it is the state |0〉 the one
that activates the gate, instead of |1〉. Its circuit is built using a controlled-U and two
NOT gates acting on the control qubit before and after performing the controlled
operation, as seen in Fig. (2.5). Graphically, it is represented as a white dot, in
contrast with the black dot used for the controlled gates.

In addition, many qubits can act as controls, not only one. These operators are
known as multi-controlled gates. In the following section, we will study a specific set
of multi-controlled rotations. In this work, we follow Feynman’s notation [38]. Then,
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U

=
X X

U

Figure 2.5: Decomposition of the negative controlled-U gate using two NOT gates
and a controlled-U .

a multi-controlled-U gate with n − 1 controls acting on the n−th qubit is denoted
as ∧n−1(U). An example is the Toffoli gate, also called CCNOT, and denoted by
∧2(X).

2.2.3 Uniformly-Controlled Rotations

Let us consider n−1 control qubits, a target n-th qubit, an axis of rotation u, and
a vector of 2n−1 angles θ. Then, a uniformly controlled rotation Fn−1n (u,θ), depicted
in Fig. (2.6), is a sequence of multi-controlled rotations ∧n−1(Ru(θi)) comprising
the 2n−1 combinations of control bits.

Figure 2.6: Circuit corresponding to the uniformly controlled rotation gate
Fn−1n (u,θ), with n − 1 control qubits, a target at the n-th qubit, an axis u, and a
set of angles θ.

Also, since
∑1

b1,...,bn=0 |b1 · · · bn〉 〈b1 · · · bn| = 1n×n and
〈
b1 · · · bn

∣∣∣b̃1 · · · b̃n〉 =∏n
i=1 δbib̃i , we have that

Fn−1n (u,θ) =

1∏
b1,...,bn−1=0

(
|b1 · · · bn−1〉 〈b1 · · · bn−1| ⊗Ru(θb1···bn−1)

+ (1n−1×n−1 − |b1 · · · bn−1〉 〈b1 · · · bn−1|)⊗ 1)

=

1∑
b1,...,bn−1=0

|b1 · · · bn−1〉 〈b1 · · · bn−1| ⊗Ru(θb1···bn−1). (2.15)
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As we will see in Section 3.3.1, the uniformly controlled y-rotations Fn−1n (ŷ,θ)

are key building blocks when preparing quantum states.

Finally, let us study the implementation cost of a multi-controlled rotation uni-
tary ∧n−1(Ry(θ)), and hence, how to decompose the uniformly-controlled gate. Col-
lodo et al. [39] proved that both the error and execution time corresponding to the
implementation of single-qubit gates is several orders of magnitude smaller than for
two-qubit gates. Thus, we only take into account the latter type of gate and ignore
single-qubit operations.

Notice that any negatively controlled operation can be transformed into a con-
trolled operation using two X gates, as illustrated in Fig. (2.5). Then, the operator
Fn−1n (ŷ,θ) can be considered as 2n−1 ∧n−1 (Ry(θ)) gates. However, Möttönen et al.
proved, in [40], that Fn−1n (ŷ,θ) can be implemented with 2n−1 CNOTs and 2n−1

single-qubit gates, which is less than 2n−1 times the number of gates required for
∧n−1 (Ry(θ)), as we discuss in the following Theorem.

Theorem 2.1. Let us consider an n-qubit system. Then, the multi-controlled ro-
tation ∧n−1 (Ry(θ)) can be decomposed employing two one-qubit controlled rotations
∧1(Ry(±θ/2)) and two ∧n−2(X), as illustrated in Fig. (2.7).

...n− 1

Ry(θ)

=
...

...
...

...

Ry(θ/2) Ry(−θ/2)

Figure 2.7: Circuit showing the decomposition of ∧n−1 (Ry(θ)) employing two con-
trolled rotations ∧1(Ry(±θ/2)) and two ∧n−2(X) gates.
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Proof. First, let us see that Ry(θ) = XRy(−θ/2)XRy(θ/2):

XRy(−θ/2)X =

(
0 1

1 0

)
·

(
cos(θ/4) sin(θ/4)

− sin (θ/4) cos(θ/4)

)
·

(
0 1

1 0

)

=

(
0 1

1 0

)
·

(
sin(θ/4) cos(θ/4)

cos (θ/4) − sin(θ/4)

)
=

(
cos(θ/4) sin(θ/4)

− sin (θ/4) cos(θ/4)

)
= Ry(θ/2) (2.16)

Then,

XRy(−θ/2)XRy(θ/2) = Ry(θ/2)Ry(θ/2) = Ry(θ). (2.17)

The intuition behind this decomposition is that when all the control states are
in |1〉, we obtain the desired rotation, as in the Eq. 2.17. Also, when the con-
trolled rotations are activated but the ∧n−2(X) is not, we obtain the identity, since
Ry(−θ/2)Ry(θ/2) = 1, as expected. Finally, when none of the controls are triggered,
the circuits in both sides are equal to 1⊗n.

Now, let us check that the circuits are equivalent. On the left hand side, we have:

∧n−1 (Ry(θ)) = |1〉⊗(n−1) 〈1|⊗(n−1) ⊗Ry(θ)

+
(
1
⊗(n−1) − |1〉⊗(n−1) 〈1|⊗(n−1)

)
⊗ 1. (2.18)

On the right-hand side:

∧n−2 (X) ∧1 (Ry(−θ/2)) ∧n−2 (X) ∧1 (Ry(θ/2))

=
[
|1〉⊗(n−2) 〈1|⊗(n−2) ⊗ 1⊗X +

(
1
⊗(n−1) − |1〉⊗(n−2) 〈1|⊗(n−2) ⊗ 1

)
⊗ 1

]
·
[
1
⊗(n−2) ⊗ (|1〉 〈1| ⊗Ry(−θ/2) + |0〉 〈0| ⊗ 1)

]
·
[
|1〉⊗(n−2) 〈1|⊗(n−2) ⊗ 1⊗X +

(
1
⊗(n−1) − |1〉⊗(n−2) 〈1|⊗(n−2) ⊗ 1

)
⊗ 1

]
·
[
1
⊗(n−2) ⊗ (|1〉 〈1| ⊗Ry(θ/2) + |0〉 〈0| ⊗ 1)

]
, (2.19)

where we have ignored the identities on the left hand side of the equation for the
sake of simplicity. If we expand the previous expression, we obtain the following:

[|1 · · · 1〉 〈1 · · · 1| ⊗XRy(−θ/2) + |1 · · · 10〉 〈1 · · · 10| ⊗X + F (−θ/2)]

· [|1 · · · 1〉 〈1 · · · 1| ⊗XRy(θ/2) + |1 · · · 10〉 〈1 · · · 10| ⊗X + F (θ/2)] , (2.20)
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where we have defined

F (α) ≡
[(
1
⊗(n−1) − |1 · · · 1〉 〈1 · · · 1| − |1 · · · 10〉 〈1 · · · 10|

)
⊗ 1

]
·
[
1
⊗(n−2) ⊗ (|1〉 〈1| ⊗Ry(α) + |0〉 〈0| ⊗ 1)

]
= 1

⊗(n−2) ⊗ |1〉 〈1| ⊗Ry(α) + 1
⊗(n−2) ⊗ |0〉 〈0| ⊗ 1

− |1 · · · 10〉 〈1 · · · 10| ⊗ 1− |1 · · · 1〉 〈1 · · · 1| ⊗Ry(α). (2.21)

It is straightforward to see that both terms |1 · · · 1〉 〈1 · · · 1| ⊗ XRy(α) · F (α) and
|1 · · · 10〉 〈1 · · · 10| ⊗X · F (α) are equal to 0, due to the projector. Then, we have

∧n−2 (X) ∧1 (Ry(−θ/2)) ∧n−2 (X) ∧1 (Ry(θ/2))

= |1 · · · 1〉 〈1 · · · 1| ⊗Ry(θ) + |1 · · · 10〉 〈1 · · · 10| ⊗ 1 + F (−θ/2)F (θ/2), (2.22)

where we have used that XRy(−θ/2)XRy(θ/2) = Ry(θ) and XX = 1. Let us now
compute the last term:

F (−θ/2)F (θ/2)

= 1
⊗(n−2) ⊗ |1〉 〈1| ⊗Ry(−θ/2)Ry(θ/2)− |1 · · · 1〉 〈1 · · · 1| ⊗Ry(−θ/2)Ry(θ/2)

+ 1
⊗(n−2) ⊗ |1〉 〈1| ⊗ 1− |1 · · · 10〉 〈1 · · · 10| ⊗ 1− |1 · · · 10〉 〈1 · · · 10| ⊗ 1

+ |1 · · · 10〉 〈1 · · · 10| ⊗ 1− |1 · · · 1〉 〈1 · · · 1| ⊗Ry(−θ/2)Ry(θ/2)

+ |1 · · · 1〉 〈1 · · · 1| ⊗Ry(−θ/2)Ry(θ/2)

=
(
1
⊗(n−1) − |1 · · · 1〉 〈1 · · · 1| − |1 · · · 10〉 〈1 · · · 10|

)
⊗ 1, (2.23)

where we have used that Ry(−θ/2)Ry(θ/2) = 1 and

1
⊗(n−2) ⊗ |1〉 〈1| ⊗ 1 + 1

⊗(n−2) ⊗ |0〉 〈0| ⊗ 1 = 1
⊗(n−1) ⊗ 1. (2.24)

Finally,

∧n−2 (X) ∧1 (Ry(−θ/2)) ∧n−2 (X) ∧1 (Ry(θ/2))

= |1 · · · 1〉 〈1 · · · 1| ⊗Ry(θ) + |1 · · · 10〉 〈1 · · · 10| ⊗ 1

+
(
1
⊗(n−1) − |1 · · · 1〉 〈1 · · · 1| − |1 · · · 10〉 〈1 · · · 10|

)
⊗ 1

= |1 · · · 1〉 〈1 · · · 1| ⊗Ry(θ) +
(
1
⊗(n−1) − |1 · · · 1〉 〈1 · · · 1|

)
⊗ 1

= ∧n−1 (Ry(θ)) , (2.25)

as we wanted to prove.
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Corollary 2.2. The order of complexity of implementing the ∧n−1 (Ry(θ)) gate is
linear in n, for n > 6. In fact, ∧n−1 (Ry(θ)) can be decomposed with 80n − 398

two-qubit gates.

Proof. Following Th. 2.1, we know that the multi-controlled rotation ∧n−1 (Ry(θ))

can be decomposed into two one-qubit controlled rotations, ∧n−1 (Ry(θ/2)) and
∧n−1 (Ry(−θ/)), and two ∧n−2 (X). Therefore, we need to study the number of
two-qubit gates necessary to implement the last two gates.

Corollary 7.4 from [41] states that, for n > 6, ∧n−2 (X) can be realized with
8(n− 5) ∧2 (X). Then, we need to obtain the cost of the Toffoli gate.

Lemma 6.1 from the previous reference [41] states that for any one-qubit unitary,
∧2 (U) can be implemented with 5 two-qubit gates comprising two CNOTs, two
∧2 (V ), and one ∧2

(
V †
)
, with V 2 = U . In our case, we have U = X. Then, we can

choose V = 1−i
2 (1 + iX).

In Fig. (2.8), we have the exact decomposition of the Toffoli gate using the
previous description.

=

V V † V

Figure 2.8: Circuit of the decomposition of the Toffoli gate using five two-qubit
controlled operations, where V 2 = X.

Finally, the number of gates required for decomposing ∧n−1 (Ry(θ)), considering
only two-qubit operators, is

#gates (∧n−1 (Ry(θ))) = 2 + 2 · (8(n− 5) · 5) = 80n− 398. (2.26)
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CHAPTER 3

Protocols for Quantum State Preparation

In this chapter, we examine the main existing methods for encoding classical
information into a quantum computer. In particular, we describe three different
techniques: basis embedding, dynamic embedding, and amplitude embedding [42].
Since the main result of this thesis focuses on the latter, we go into more detail on
this type of encoding.

3.1 Basis Embedding

This approach, also known as 1-Bit to 1-Qubit, maps a classical string of n bits
to the corresponding basis state of a system of n qubits [43]. For example, given the
binary string ‘010’, the desired state is |Ψ〉 = |010〉.

In general, consider a binary string x = ‘b1 . . . bn’, with bi ∈ {0, 1} for i = 1, . . . , n.
Then, its associated quantum state is |x〉 = |b1 . . . bn〉. Now, if we consider a set of
k binary strings of length n, {x(i)}, the basis encoding prepares a superposition of
states of the form

|Ψ〉 =
1√
k

k∑
i=1

∣∣∣x(i)〉 . (3.1)

Notice that there are 2n available states. Therefore, if k � 2n, the embedded
state |Ψ〉 will be sparse.

One advantage of this method is that, since all data is loaded simultaneously
instead of sequentially, it allows the parallelization of QML processes. However,
since only binary features can be loaded, it is not practical for a general case.

17
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3.2 Dynamic Embedding

In contrast with the other encoding protocols, the Dynamic or Hamiltonian Em-
bedding does not prepare states where the classical data is explicitly represented.
Given an Hermitian matrix A, this method encodes its information into the evolu-
tion of an initial state such that

|Ψ〉 = e−iĤAt |Ψ0〉 , (3.2)

where ĤA is the associated Hamiltonian operator. If A is not Hermitian, one can

construct the Hamiltonian using Ã =

(
0 A

A† 0

)
instead.

After preparing the state, one may process the classical data by applying methods
such as the quantum phase algorithm [44], which finds the largest eigenvalue of A
and its corresponding eigenvectors.

One drawback of this protocol, though, is that the unitary operator e−iĤAt needs
to be decomposed into quantum gates, which is not trivial in general. However, it
can be efficiently achieved if A is sparse [45].

3.3 Amplitude Embedding

Given a classical vector x ∈ C2n , with
∑

i |xi|2 = 1, and n qubits. the amplitude
embedding method attempts to generate a state whose amplitudes correspond to the
classical data, such that

|Ψ〉 =
2n−1∑
i=0

xi |i〉 . (3.3)

In this section we present three different approaches and implementations of such
encoding.
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3.3.1 Grover-Rudolph Method

Let us consider a strictly positive and integrable function f : [xmin, xmax]→ R+,
with xmin, xmax ∈ R, and a system of n qubits. The goal is to create a quantum
state of the form

|Ψ(f)〉 =

2n−1∑
i=0

√
fi |i〉 , (3.4)

that is a discrete approximation of the function f . Grover and Rudolph proposed
an iterative and constructive method [29] that consists of performing a sequence of
controlled rotations to each qubit. Let us illustrate this method and see how the
angles are computed to obtain the discrete approximation.

We start with one qubit in the state |0〉 and consider an angle θ(0) and the
Ry(θ

(0)) operation, defined as

Ry(θ
(0)) = e−iσyθ

(0)/2 =

(
cos(θ(0)/2) − sin(θ(0)/2)

sin(θ(0)/2) cos(θ(0)/2)

)
. (3.5)

Next, we divide our interval [xmin, xmax] by half, so we obtain [xmin, xmin + δ1/2],
the left part, and [xmin + δ1/2, xmax], the right part, with δ1 = xmax−xmin. Now we
apply the previously defined rotation gate Ry(θ(0)) to our state:

Ry(θ
(0)) |0〉 = cos(θ(0)/2) |0〉+ sin(θ(0)/2) |1〉 . (3.6)

We expect the first component to be the amplitude probability of x to lie in the
left part of the interval, i.e.

cos2(θ(0)/2) =

∫ xmin+δ1/2

xmin
f(x)dx∫ xmax

xmin
f(x)dx

=⇒ θ(0) = 2 arccos


√√√√∫ xmin+δ1/2

xmin
f(x)dx∫ xmax

xmin
f(x)dx

 . (3.7)

By construction, the sine component is the amplitude probability of the right part
of the interval.

Then, we add a second qubit in the state |0〉 and split our intervals in half, as in
the previous step, so it leads to the four intervals

[xmin, xmin + δ2/2] [xmin + δ2/2, xmin + δ2]

[xmin + δ2, xmin + 3δ2/2] [xmin + 3δ2/2, xmax] ,
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where δ2 = xmax−xmin
2 . Consider now two angles, θ(1)0 and θ(1)1 , and apply Ry gates

to each of the components of the state:

cos(θ(0)/2) |0〉 ⊗Ry(θ
(1)
0 ) |0〉+ sin(θ(0)/2) |1〉 ⊗Ry(θ

(1)
1 ) |0〉

= cos(θ(0)/2) cos(θ
(1)
0 /2) |00〉+ cos(θ(0)/2) sin(θ

(1)
0 /2) |01〉

+ sin(θ(0)/2) cos(θ
(1)
1 /2) |10〉+ sin(θ(0)/2) sin(θ

(1)
1 /2) |11〉 .

(3.8)

As before, we choose the component of each eigenstate to be the amplitude proba-
bility of x to lie in the corresponding interval, first with first, second with second,
and so on. Then, we have the following conditions:

cos2(θ(0)/2) cos2(θ
(1)
0 /2) =

∫ xmin+δ2/2

xmin
f(x)dx∫ xmax

xmin
f(x)dx

=⇒ θ
(1)
0 = 2 arccos


√√√√∫ xmin+δ2/2

xmin
f(x)dx∫ xmin+δ2

xmin
f(x)dx

 , (3.9)

sin2(θ(0)/2) cos2(θ
(1)
1 /2) =

∫ xmin+3δ2/2

xmin+δ2
f(x)dx∫ xmax

xmin
f(x)dx

=⇒ θ
(1)
1 = 2 arccos


√√√√∫ xmin+3δ2/2

xmin+δ2
f(x)dx∫ xmin+2δ2

xmin+δ2
f(x)dx

 , (3.10)

where we have used that

sin2(θ(0)/2) = 1− cos2(θ(0)/2) =

∫ xmax
xmin+xmax

2

f(x)dx∫ xmax
xmin

f(x)dx
=

∫ xmin+2δ2
xmin+δ2

f(x)dx∫ xmax
xmin

f(x)dx
. (3.11)

In Fig. (3.1), we illustrate the step described above. By repeating this process
of dividing by half the previous partition, adding an extra qubit in the state |0〉 and
performing rotations iteratively, the general expression of the angles for the n-th
qubit, for n > 1, is

θ
(n−1)
l = 2 arccos


√√√√∫ xmin+(l+1/2)δn

xmin+lδn
f(x)dx∫ xmin+(l+1)δn

xmin+lδn
f(x)dx

 , (3.12)

where δn = xmax−xmin
2n−1 , and l = 0, . . . , 2n−1 − 1 is the index for the angle correspond-

ing to the (l + 1)-th interval. Notice that the angle θ(n−1)l takes values between
2 arccos(1) = 0 and 2 arccos(0) = π.
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Figure 3.1: Illustration of the Grover-Rudolph method for the step from one to two
qubits.

This protocol can be realized with a set of uniformly-controlled rotations F k−1k (ŷ,θ(k−1)),
for k = 1, . . . , n, hence, incurring an exponential complexity. Its associated quantum
circuit is depicted in Fig. (3.2). Moreover, the authors affirm that, if the desired
function is log-concave, then the protocol can be performed efficiently. However, this
efficiency comes from the computation of the angles and not in terms of the gate’s
complexity.

Figure 3.2: Quantum circuit performing the Grover-Rudolph method for a system
of n qubits that consists of blocks of uniformly controlled y-rotations, introduced in
Section 2.2.3.

Additionally, in [46], Möttönen et al. presented a generalization of the Grover-
Rudolph protocol, and they showed how to perform a unitary transformation between
two arbitrary states, including complex amplitudes.
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3.3.2 Black-box Methods

Black-box protocols are based on one or multiple oracles that perform the nec-
essary operations to prepare quantum states. One of the first works regarding this
technique was developed by Grover in 2000 [47], who introduced an algorithm with
complexity O(

√
2n).

Later, in 2018, Sanders et al. [48] presented a promising method that, even though
it outperforms Grover’s black-box algorithm and reduces the number of gates, the
number of qubits needed increases drastically. Let us proceed to analyze this proto-
col.

Consider a set of d real values {αi} with 0 ≤ αi < 1 for i = 0, . . . , d − 1. For
simplicity, assume that

∑d−1
i=0 α

2
i = 1. Then, our goal is to obtain the following state:

|Ψ〉 =

d−1∑
i=0

αi |i〉 . (3.13)

We assume the existence of two gate efficient quantum oracles. The first quantum
oracle introduced is amp, which, given a register with n qubits z, is defined as

amp |i〉 ⊗ |z〉 := |i〉 ⊗
∣∣∣z ⊕ α(n)

i

〉
, (3.14)

where ⊕ is the XOR operation and α
(n)
i = b2nαic. Here, n corresponds to the

precision of the algorithm.

The second oracle is comp, which compares two integers of n bits in the following
manner:

comp |a〉 ⊗ |b〉 ⊗ |0〉 :=

|a〉 ⊗ |b〉 ⊗ |0〉 if a < b,

|a〉 ⊗ |b〉 ⊗ |1〉 if a ≥ b.
(3.15)

Once these two components are defined, we need to prepare the initial registers.
The first one, called out, consists of log2 d qubits initialized into a superposition of
all the basis states. It corresponds to the eigenvectors whose amplitudes will encode
the final state. Then, a set of n of qubits in the zero state, named data, is needed
for the amp oracle. Finally, another register of n qubits called ref, prepared in the
same way as out, and an additional qubit flag will be used by the comp operator.
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Therefore, the initial state is the following one:

|Ψ0〉 =
1√
d2n

(
d−1∑
i=0

|l〉out

)
⊗ |0〉⊗ndata ⊗

2n−1∑
j=0

|j〉ref

⊗ |0〉flag . (3.16)

Now, by calling the oracle amp with the registers out and data as control and
target, correspondingly, and then applying comp to data, ref and flag, we obtain

|Ψcomp〉 =
1√
d2n

d−1∑
i=0

|l〉out ⊗
∣∣∣α(n)
i

〉
data

⊗

α
(n)
i −1∑
j=0

|j〉ref ⊗ |0〉flag +
2n−1∑
j=α

(n)
i

|j〉ref ⊗ |1〉flag

 .

(3.17)

We can observe that flag qubit is marked with a 0 if the element of ref is smaller
than α

(n)
i and 1 otherwise with the comp operation. Next, we apply n Hadamard

gates to the elements of ref and undo the superposition, leading to the following
state:

|Ψ〉 =
1√
d2n

d−1∑
i=0

α
(n)
i

2n
|l〉out ⊗

∣∣∣α(n)
i

〉
data
⊗ |0〉⊗nref ⊗ |0〉flag + |w〉 , (3.18)

where |w〉 is the state containing the elements where flag is marked as 1.

Finally, we use amplitude amplification multiple times and discard data by ap-
plying the oracle amp again. Then, we measure flag and ref, and if both are zero,
we obtain the desired state.

Let us now analyze the cost of this algorithm. The operation amp is considered
a black box, and its decomposition is not shown. Since it is also used in Grover’s
original method, its complexity is ignored to make comparisons. Regardless, an
exponential number of gates is required unless multi-qubit gates are available, which
is not the case. As for the oracle comp, n Toffoli gates and an extra set of n qubits
are necessary. Hence, one round of amplitude amplification has linear complexity in
Toffoli gates, but the necessary auxiliary qubits are 3n+ 1.

Therefore, although the number of gates is smaller than in Grover’s protocol, an
extra 3n+ 1 qubits are required, apart from the ones needed for loading the classical
data corresponding to comp, making it a huge disadvantage.
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3.3.3 Variational Methods

A variational or parametrized quantum circuit U(θ), also known as ansantz, is a
generative quantum model that depends on a set of parameters θ. As a generative
model, it produces parametrized quantum states and, inspired in classical machine
learning, the goal is to find the parameters θ∗ that minimize a given cost function.
The standard procedure to optimize the circuit is to use a hybrid scheme between
quantum and classical computation, which is the following one:

1. Define the ansatz, the initial value of the parameters, and the cost function.

2. Measure the circuit and evaluate the cost function with the outcome.

3. Classically compute the gradients of the parameters and update their value.

4. Repeat from 2 until minimum is found.

Even though the space of possible states generated by U(θ) is not the whole Hilbert
space, this technique is indeed a good alternative for near-term quantum devices [42].

As for the problem of loading quantum states, several architectures have been
suggested. In this work, we present two proposed solutions. In [49], Zoufal et al.
presented a protocol for preparing quantum states based on quantum Generative
Adversarial Networks (qGANs). In classical machine learning, these structures are
formed by two different neural networks: a generator and a discriminator [50]. The
first one generates a sample and the second one has to decide whether it is original
or not. In the proposed method, the generator is substituted by a quantum ansatz
with layers of single-qubit rotations and entangling operations. One of the benefits
of using this architecture is that it can learn the probability distribution underlying
the data. Hence, one does not require to know the distribution of the input initially.
However, since two networks need to be trained, the process is more complex and
computationally expensive.

On the other hand, in [51], Nakaji et al., inspired by the previous paper, present
an alternative to the qGANs that can capture explicitly the change of signs in the
amplitude. The critical factor of this algorithm is that, instead of just measuring the
circuit using the computational basis, they do it with the Hadamard-transformed
basis as well. In this way, both positive and negative data can be handled. Another
positive aspect is that the training process is less complex.
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Regardless of the difference in the training techniques of these two methods, the
variational quantum circuits considered are very similar. In both cases, U(θ) consists
of k blocks of parametrized single-qubit rotations, each followed by an entangling
unitary operation Uent, as depicted in Fig. (3.3). Notice that while in [49] they use
controlled-Z gates to construct the entanglement between the qubits, in [51] they
apply CNOTs.

. . .

. . .

...
...

. . .

Ry(θ
1,0)

Uent

Ry(θ
1,k)

Uent

Ry(θ
2,0) Ry(θ

2,k)

Ry(θ
n,0) Ry(θ

n,k)

(a)

Uent =

. . .

. . .

. . .

...
...

. . .

. . .

Z

Z

Z

Z

(b)

Uent =
...

...

(c)

Figure 3.3: (a) Architecture of the parametrized quantum circuits of [49, 51] for n
qubits and depth k, constructed with blocks of single-qubit y-rotations and entan-
gling operations. (b) illustrates Uent for [49], formed of controlled-Z gates. Lastly,
(c) depicts Uent for [51], where the entanglement is obtained with CNOTs.

All in all, variational models present a potential alternative to fixed circuits since
they can perform different jobs using the same architecture. However, this is a new
area of study in quantum computing, and training efficiency is still an issue to solve.
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CHAPTER 4

Efficient Loading of Density Functions into
Quantum States

Based on the Grover-Rudolph algorithm, this chapter presents an efficient method
to encode discretized density functions into quantum states. Recall that this protocol,
described in Section 3.3.1, takes a function g : [xmin, xmax] → R+ and returns the
quantum state

|Ψ(g)〉n =

2n−1∑
i=0

√
gi |i〉 , (4.1)

for a system of n qubits. Since we aim at loading the classical data into the am-
plitudes and not the probabilities, we consider the square of the function, f = g2.
Henceforth, f denotes the square of the target function. To standardize the process
and make it dimensionless, we assume the domain of the function to be [0, 1]. This
transformation, which is a shift of intervals, is given by

x′ = xmin + xL, (4.2)

with x′ ∈ [xmin, xmax], x ∈ [0, 1] and L = xmax − xmin.

Within our procedure, we assume a certain infidelity ε between the final state
and the one in Eq. 4.1. This leads to an error in the angles, given by Eq. 3.7, that
allows us to reduce the number of necessary entangling gates.

This section is structured as follows. First, we describe the motivations that led
us to develop our scheme, providing an intuitive approach. Next, we elaborate on the
theoretical formulation of the protocol. Finally, we present the results for different
cases of study and explore the extension of this procedure for functions that do not
satisfy the necessary conditions, such as the ones that contain negative values.
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4.1 Motivation

When studying the loading of the Black-Scholes pricing distribution, a function
that predicts the price of European-style options [52], into a quantum state, we
realized that most of the angles used in the Grover-Rudolph method, calculated using
Equation 3.12, were very similar. In fact, we can identify three different plateaus,
and the one in the middle contains most of the angles, as illustrated in Fig. (4.1a).

To further study this behavior, we have computed the angles for different density
functions. In Fig. (4.1), we show the results of the angles corresponding to the
blocks Fn−1n (ŷ,θ(n−1)), for n = 7, 8, 9, for the following distributions: Black-Scholes,
Normal, Gamma and Beta distributions. We can see that, in all cases, there exist
large areas in which the values of the angles are very close. Moreover, for the normal
distribution, as the number of qubits increases, all angles converge to the same value,
namely, π/2. However, for the other distributions, there are one or two tails in which
the angles have a pronounced variation.

These results imply that most of the rotations applied during the Grover-Rudolph
protocol are very similar. Hence, it gives us the intuition that, if we cluster all these
angles and substitute them with the right representative, the final error will not
be strongly affected. Also, by assembling the angles, we can reduce the complexity
of the circuit, collapsing the exponential number of gates with respect to n, into a
polynomial or even constant quantity.

Let us now analyze how clustering the angles affects the number of necessary
gates. First, let us assume that we have a block of n qubits Fn−1n (ŷ,θ(n−1)) for
which all the angles can be approximated by θ̃. Then, the uniformly controlled
y-rotations gate Fn−1n (ŷ,θ(n−1)) can be simplified in following manner:

Fn−1n (ŷ,θ(n−1)) ≈
1∑

b1,...,bn−1=0

|b1 · · · bn−1〉 〈b1 · · · bn−1| ⊗Ry(θ̃)

= 1
⊗n−1 ⊗Ry(θ̃). (4.3)

Therefore, by clustering the angles, we may replace an operator that requires 2n−1

single-qubit gates and 2n−1 CNOTs, as seen in Section 3.3.1, by just one single-qubit
rotation.
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(a) (b)

(c) (d)

Figure 4.1: Angles of four different probability distributions corresponding to the
blocks Fn−1n (ŷ,θ(n−1)) calculated using Equation 3.12, for n = 7, 8, 9: (a) Black-
Scholes distribution (K = 45, c = 3), (b) Normal distribution (µ = 0, σ = 1), (c)
Beta distribution (α = 0.5, β = 0.5), and (d) Gamma distribution (k = 1.5, θ = 2).

In the following section, we develop a theoretical framework that defines the
exact conditions for which the clustering method becomes efficient and feasible, and
we provide formal bounds for the error introduced.
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4.2 Main Result

Now that we have seen that the main idea of our protocol is to cluster angles
to reduce the number of gates, let us mathematically derive all necessary conditions
to attain it. First, we analyze the relation between the difference in the angles and
the target function. Next, we compute the effect that clustering the angles has on
the fidelity. Finally, we state the main theorem and present the results of a case of
study.

4.2.1 Relation Between the Difference in the Angles and the Target
Function

The first step is to analyze the conditions that the target function must satisfy
in order to be able to analytically assemble the angles from Equation 3.12.

Theorem 4.1. Let f be a continuous function such that f : [0, 1]→ R+ and consider
a block of uniformly controlled rotations of k qubits. Then, the difference between
two contiguous angles is bounded by the second derivative of the logarithm of f in the
following way: ∣∣∣θ(k−1)l+1 − θ(k−1)l

∣∣∣ ≤ δ2k
4

max
y′∈[lδk,(l+1)δk]

∣∣∣(∂2y log f(y)
)∣∣
y=y′

∣∣∣ , (4.4)

where δk = 1
2k−1 , l ∈ {0, 1, . . . , 2k−1 − 2}.

Proof. The discrete expression of the angles for a block of uniformly controlled ro-
tations with k qubits, as seen in Section 3.3.1, is given by

θ
(k−1)
l = 2 arccos


√√√√∫ (l+1/2)δk

lδk
f(x)dx∫ (l+1)δk

lδk
f(x)dx

 , (4.5)

with δk = 1
2k−1 and l ∈ {0, 1, . . . , 2k−1 − 1}. We can define the continuous extension

of the previous function as

θ(k−1)(y) := 2 arccos


√√√√∫ y+δk/2y f(x)dx∫ y+δk

y f(x)dx

 , (4.6)

where the original expression can be recovered replacing y = lδk.
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Now, given a function g and a displacement µ, we define the numerical derivative
of g with respect to µ as

∂(µ)y g(y) :=
g(y + µ)− g(y)

µ
. (4.7)

Notice that for µ → 0, ∂(µ)y g(y) → ∂yg(y), the usual derivative. Then, for two
consecutive angles, we have∣∣∣θ(k−1)l+1 − θ(k−1)l

∣∣∣ =

∣∣∣∣δk (∂(δk)y θ(k−1)(y)
)∣∣∣
y=lδk

∣∣∣∣ . (4.8)

Now, we require a connection between the difference in the angles and the partial
derivative. The Mean Value Theorem guarantees that the numerical derivative,
which corresponds to the slope of the straight line connecting θ

(k−1)
l and θ

(k−1)
l+1 ,

is constrained by the maximum of the exact derivative, in absolute value, in that
interval. Then, we have∣∣∣θ(k−1)l+1 − θ(k−1)l

∣∣∣ ≤ δk max
y′∈[lδk,(l+1)δk]

∣∣∣∣(∂yθ(k−1)(y)
)∣∣∣
y=y′

∣∣∣∣ . (4.9)

Let us now develop the term of the exact derivative of the function θ(k−1)(y):

∂yθ
(k−1)(y) =

(f(y + δk)− f(y))
∫ y+δk/2
y

f(x)dx− (f(y + δk/2)− f(y))
∫ y+δk
y

f(x)dx∫ y+δk
y

f(x)dx
√∫ y+δk/2

y
f(x)dx

∫ y+δk
y+δk/2

f(x)dx

(4.10)
By introducing (f(y + δk/2)− f(y + δk/2)) in the first term and reorganizing the
expression, we have:

∂yθ
(k−1)(y)

=
(f(y + δk)− f(y + δk/2))

∫ y+δk/2
y

f(x)dx− (f(y + δk/2)− f(y))
(∫ y+δk

y
f(x)dx−

∫ y+δk/2
y

f(x)dx
)

∫ y+δk
y

f(x)dx
√∫ y+δk/2

y
f(x)dx

∫ y+δk
y+δk/2

f(x)dx

=
(f(y + δk)− f(y + δk/2))

∫ y+δk/2
y

f(x)dx− (f(y + δk/2)− f(y))
∫ y+δk
y+δk/2

f(x)dx∫ y+δk
y

f(x)dx
√∫ y+δk/2

y
f(x)dx

∫ y+δk
y+δk/2

f(x)dx

=

√∫ y+δk/2
y

f(x)dx
∫ y+δk
y+δk/2

f(x)dx∫ y+δk
y

f(x)dx

f(y + δk)− f(y + δk/2)∫ y+δk
y+δk/2

f(x)dx
− f(y + δk/2)− f(y)∫ y+δk/2

y
f(x)dx

 , (4.11)

where the first term is positive. Now, since
(√

a−
√
b
)2

= a + b − 2
√
ab ≥ 0, we

have the well-known inequality for the geometric and arithmetic means
√
ab ≤ a+b

2 .
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Then, if we select a =

∫ y+δk/2
y f(x)dx∫ y+δk
y f(x)dx

and b =

∫ y+δk
y+δk/2

f(x)dx∫ y+δk
y f(x)dx

, it leads to√∫ y+δk/2
y f(x)dx

∫ y+δk
y+δk/2

f(x)dx∫ y+δk
y f(x)dx

≤ 1

2

∫ y+δk/2
y f(x)dx+

∫ y+δk
y+δk/2

f(x)dx∫ y+δk
y f(x)dx

=
1

2
. (4.12)

With this result, we get the following inequality for the absolute value of the deriva-
tive of θ(k−1)(y):

∣∣∣∂yθ(k−1)(y)
∣∣∣ ≤ 1

2

∣∣∣∣∣∣f(y + δk)− f(y + δk/2)∫ y+δk
y+δk/2

f(x)dx
− f(y + δk/2)− f(y)∫ y+δk/2

y f(x)dx

∣∣∣∣∣∣ . (4.13)

By using again the numerical derivative defined in Equation 4.7, we can simplify
the previous expression in the following way:

f(y + δk)− f(y + δk/2)∫ y+δk
y+δk/2

f(x)dx
− f(y + δk/2)− f(y))∫ y+δk/2

y
f(x)dx︸ ︷︷ ︸

:=h(y)

= h(y + δk/2)− h(y) =
δk
2
∂(δk/2)y h(y).

(4.14)

Also, since f must be integrable, its primitive F exists. Then,

h(y) =
f(y + δk/2)− f(y)∫ y+δk/2

y f(x)dx
=

f(y + δk/2)− f(y)

F (y + δk/2)− F (y)
=
∂
(δk/2)
y f(y)

∂
(δk/2)
y F (y)

. (4.15)

Let us now plug it into the inequality∣∣∣∂yθ(k−1)(y)
∣∣∣ ≤ 1

2

∣∣∣∣∣δk2 · ∂(δk/2)y

(
∂
(δk/2)
y f(y)

∂
(δk/2)
y F (y)

)∣∣∣∣∣ =
δk
4

∣∣∣∣∣∂(δk/2)y

(
∂
(δk/2)
y f(y)

∂
(δk/2)
y F (y)

)∣∣∣∣∣ .
(4.16)

If we follow the same argument as in Equation 4.9, we have that the term of the
numerical derivative is upper bounded by the exact derivative, in the absolute value,
which corresponds to the second derivative of the function’s logarithm. Hence, the
following inequality holds∣∣∣∂yθ(k−1)(y)

∣∣∣ ≤ δk
4

max
y′∈[lδk,(l+1)δk]

∣∣∣(∂2y log f(y)
)∣∣
y=y′

∣∣∣ . (4.17)

Finally, by plugging this result in Equation 4.9, we obtain∣∣∣θ(k−1)l+1 − θ(k−1)l

∣∣∣ ≤ δ2k
4

max
y′∈[lδk,(l+1)δk]

∣∣∣(∂2y log f(y)
)∣∣
y=y′

∣∣∣ , (4.18)

as we wanted to proof.
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Corollary 4.2. Let f be a continuous function such that f : [0, 1]→ R+ and consider
a block of uniformly controlled rotations of k qubits. Then, if ∃η ≥ 0 such that∣∣∂2y log f(y)

∣∣ ≤ η ∀y ∈ [0, 1], ∣∣∣θ(k−1)l+1 − θ(k−1)l

∣∣∣ ≤ δ2k
4
η. (4.19)

Corollary 4.3. For a non-standardized function f : [xmin, xmax] → R+, the result
in Corollary (4.2) holds with the modification in the bound∣∣∣θ(k−1)l+1 − θ(k−1)l

∣∣∣ ≤ δ2k · η
4L2

, (4.20)

where L = xmax − xmin and δk = L
2k−1 .

Proof. The change of variables that map the x′ ∈ [0, 1] with x ∈ [xmax − xmin] is
given by

x = xmin + x′L. (4.21)

Now, by using the chain rule, we obtain:

∂f

∂y′
=
∂f

∂y

∂y′

∂y′
=
∂f

∂y
L =⇒

∣∣∂2y log f(y)
∣∣ ≤ η̃

L2
. (4.22)

Corollary 4.4. Let η be such that
∣∣∂2y log f(y)

∣∣ ≤ η ∀y ∈ [0, 1]. Then, the difference
between any two angles is ∣∣∣θ(k−1)l − θ(k−1)l′

∣∣∣ ≤ δk
4
η, (4.23)

∀l, l′ ∈ {0, 1, . . . , 2k−1 − 1}.

Proof. The worst scenario is when l = 0 and l′ = 2k−1− 1. In this case, by using the
triangular inequality, we have∣∣∣θ(k−1)0 − θ(k−1)

2k−1−1

∣∣∣ ≤ ∣∣∣θ(k−1)0 − θ(k−1)1

∣∣∣+ · · ·+
∣∣∣θ(k−1)2k−1−2 − θ

(k−1)
2k−1−1

∣∣∣︸ ︷︷ ︸
∼δ−1

k

≤ δk
4
η. (4.24)

In this situation, we can define the representative angle θ̃(k−1) for the clusterting
process as the one corresponding to the middle part of the interval, satisfying∣∣∣θ̃(k−1) − θ(k−1)l

∣∣∣ ≤ δk
8
η ∀l ∈ {0, 1, . . . , 2k−1 − 1}. (4.25)
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4.2.2 Error Bound of the Algorithm

We now analyze how the choice of a representative angle affects on the error of
the process, evaluated with the quantum fidelity [30]. Given two states |Φ〉 and |Ψ〉,
this function is defined as

F (|Φ〉 , |Ψ〉) := |〈Φ|Ψ〉|2 , (4.26)

and computes the angle between them.

Let us consider a system with n qubits. The unitary gate for preparing a state
representing a specific function is written as

Un = Un−1
(
θ(n−1)

)
· · · U0

(
θ(0)
)
, (4.27)

where we have defined

Uk−1
(
θ(k−1)

)
:=

1∑
i1,...,ik−1=0

|i1 . . . ik−1〉 〈i1 . . . ik−1| ⊗Ry(θ
(k−1)
i1...ik−1

)⊗ 1⊗(n−k)

= F k−1k (ŷ,θ(k−1))⊗ 1⊗(n−k) (4.28)

for k > 1 and

U0
(
θ(0)
)

:= Ry(θ
(0))⊗ 1⊗(n−1) = F 0

1 (ŷ, θ(0))⊗ 1⊗(n−1). (4.29)

Let Ũn denote the operation Un given a representative with an error ηk between
the angles for each block, i.e. |θ(k−1)l − θ̃(k−1)| ≤ ηk for l = 0, . . . , 2k−1 − 1 and
k = 1, . . . , n.

Theorem 4.5. Consider a system of n qubits and an error ηk ≤ π between the angle
of the k-th block and its representative, with k = 1, . . . , n. Then, the fidelity between
the final states with and without clustering, F = | 〈0|⊗n U†nŨn |0〉⊗n |2, satisfies

F ≥
n∏
k=1

cos2 (ηk/2) . (4.30)

Proof. We use induction to prove the inequality. Hence, we start with the elemental
case of n = 1 and later proceed assuming it is satisfied for n− 1 and check if it holds
for n:
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• n = 1:

〈0|U†1Ũ1 |0〉 = 〈0|R†y(θ(0))Ry(θ̃(0)) |0〉

= 〈0|R†y
(
θ(0) − θ̃(0)

)
|0〉 = cos

(
θ(0) − θ̃(0)

2

)
(4.31)

Notice that the angles, given by 3.12, take values between 2 arccos(1) = 0 and
2 arccos(0) = π. Then, since the cosine is a decreasing function in the interval
[0, π/2] and η ≤ π, we have that

|θ(0) − θ̃(0)| ≤ η1 =⇒ cos

(
θ(0) − θ̃(0)

2

)
≥ cos (η1/2)

=⇒ F ≥ cos2 (η1/2) . (4.32)

• n > 1: Assume the condition holds for n−1. We aim to recover the expression
of 〈0|⊗n−1 U†n−1Ũn−1 |0〉

⊗n−1 so we can use the induction hypothesis. Therefore,
as we did for n = 1, we sandwich the operator(

Fn−1n (ŷ,θ(n−1))
)†
Fn−1n (ŷ, θ̃(n−1)) (4.33)

with the state |0〉 at each side. From now on during this proof, to simplify the
notation, we denote the gate F k−1k (ŷ, θ̃(k−1)) as Uk−1(θ(k−1)). Then, for n:

〈0|⊗n U†nŨn |0〉
⊗n

= 〈0|⊗n U†0
(
θ(0)
)
· · · U†n−1

(
θ(n−1)

)
Un−1

(
θ̃(n−1)

)
· · · U0

(
θ̃(0)
)
|0〉⊗n

= 〈0|⊗(n−1) ⊗ 〈0|
(
U†0 (θ(0))⊗ 1⊗(n−1)

)
· · ·
(
U†n−2(θ(n−2))⊗ 1

)
·
(
U†n−1(θ(n−1))

)
·
(
Un−1(θ̃(n−1))

)(
Un−2(θ̃(n−2))⊗ 1

)
· · ·
(
U0(θ̃(0))⊗ 1⊗(n−1)

)
|0〉⊗(n−1) ⊗ |0〉

= 〈0|⊗(n−1)
(
U†0 (θ(0))⊗ 1⊗(n−2)

)
· · ·
(
U†n−2(θ(n−2))

)
·

 1∑
i1,...,in−1=0

|i1 . . . in−1〉 〈i1 . . . in−1| · 〈0|R†y(θ
(n−1)
i1...in−1

− θ̃(n−1)) |0〉


·
(
Un−2(θ̃(n−2))

)
· · ·
(
U0(θ̃(0))⊗ 1⊗(n−2)

)
|0〉⊗(n−1) (4.34)

Notice that we now we can substitute the rotation terms in the following way:

〈0|R†y(θ
(n−1)
i1...in−1

− θ̃(n−1)) |0〉 = cos

θ(n−1)i1...in−1
− θ̃(n−1)

2

 ≥ cos (ηn/2) , (4.35)
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since θ(n−1)i1...in−1
, θ̃(n−1), ηn ∈ [0, π] ∀i1, . . . in−1 ∈ {0, 1}. However, before intro-

ducing the inequality, we need to check that the rest of the terms have the
same sign. To do so, we first sandwich the terms corresponding to the block
n− 2 with the state |0〉 as well:

〈0|⊗n U†nŨn |0〉
⊗n

= 〈0|⊗(n−2)
(
U†0 (θ(0))⊗ 1⊗(n−3)

)
· · ·
(
U†n−3(θ(n−3))

)
 1∑
i1,...,in−1=0

|i1 . . . in−2〉 〈i1 . . . in−2| · 〈0|R†y(θ
(n−2)
i1...in−2

) |in−1〉 〈in−1|Ry(θ̃(n−2)) |0〉

· cos

(
θ
(n−1)
i1...in−1

− θ̃(n−1)i1...in−1

2

))
·
(
Un−3(θ̃(n−3))

)
· · ·
(
U0(θ̃(0))⊗ 1⊗(n−3)

)
|0〉⊗(n−2) .

(4.36)

Here, since all the angles are between 0 and π, we have that

〈0|R†y(θ
(n−2)
i1...in−2

) |0〉 〈0|Ry(θ̃(n−2)) |0〉 = cos
θ
(n−2)
i1...in−2

2
cos

θ̃(n−2)

2
≥ 0, (4.37)

〈0|R†y(θ
(n−2)
i1...in−2

) |1〉 〈1|Ry(θ̃(n−2)) |0〉 = sin
θ
(n−2)
i1...in−2

2
sin

θ̃(n−2)

2
≥ 0, (4.38)

∀i1, . . . in−2 ∈ {0, 1}. Then, by proceeding analogously with the rest of the
blocks, we obtain that all terms are positive. Hence, we can apply the inequal-
ity:

〈0|⊗n U†nŨn |0〉
⊗n

≥ 〈0|⊗(n−1)
(
U†0 (θ(0))⊗ 1⊗(n−2)

)
· · ·
(
U†n−3(θ(n−3))⊗ 1

)
·

 1∑
i1,...,in−2=0

|i1 . . . in−2〉 〈i1 . . . in−2| · ⊗
1∑

in−1=0

R†y(θ
(n−2)
i1...in−2

) |in−1〉 〈in−1|Ry(θ̃(n−2))


·
(
Un−3(θ̃(n−3) ⊗ 1)

)
· · ·
(
U0(θ̃(0))⊗ 1⊗(n−2)

)
|0〉⊗(n−1) · cos (ηn/2)

= 〈0|⊗(n−1)
(
U†0 (θ(0))⊗ 1⊗(n−2)

)
· · ·
(
U†n−3(θ(n−3))⊗ 1

)
·

 1∑
i1,...,in−2=0

|i1 . . . in−2〉 〈i1 . . . in−2| · ⊗R†y(θ
(n−2)
i1...in−2

)Ry(θ̃(n−2))


·
(
Un−3(θ̃(n−3))⊗ 1

)
· · ·
(
U0(θ̃(0))⊗ 1⊗(n−2)

)
|0〉⊗(n−1) · cos (ηn/2)

= 〈0|⊗(n−1) U†n−1Ũn−1 |0〉
⊗(n−1) · cos (ηn/2) . (4.39)
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Finally, using the induction hypothesis, we conclude that

〈0|⊗n U†nŨn |0〉
⊗n ≥

n−1∏
k=1

cos (ηk/2) · cos (ηn/2) =

n∏
k=1

cos (ηk/2)

=⇒ F ≥
n∏
k=1

cos2 (ηk/2) . (4.40)

Notice that one of the conditions of the Theorem is that ηk ≤ π ∀k ∈ {1, . . . , n}.
Recall that, as seen in Equation 4.25, ηk ≡ δk

8 η. Therefore, we obtain the following
condition for the value of η for Theorem 4.5 to be satisfied:

δk
8
η ≤ π =⇒ η ≤ 2k−1 · 8π. (4.41)

In particular, if this holds for the smallest k, with value 1, it will be satisfied for the
rest of the blocks. Then, we can write the previous condition simply as η ≤ 8π.

4.2.3 Minimum Clustering and Final Protocol

Now that we have obtained a relation between the error of the algorithm, encoded
in the fidelity, and the clustering of the angles in Theorem 4.5, we assume that the
clustering is not performed for a certain number of blocks. In other words, we
consider that the first k0 blocks of the protocol remain invariant. The reason to do
so is to guarantee that we capture the main features of the density function, so we
introduce errors in the blocks drawing the details of the function. Let us find an
analytical estimation for k0.

Following this assumption and considering the result from Theorem 4.5, it leads
to

F ≥
n∏

k=k0+1

cos2
( η

8 · 2k
)
. (4.42)

Given that cos(x) ≥ e−x2 for x / π/2,

F ≥
n∏

k=k0+1

e
−2
(

η

8·2k

)2
= e
−2 η

2

64

∑n
k=k0+1 4

−k
= e−

η2

96 (4−k0−4−n), (4.43)

since
∑n

k=k0+1 4−k = 1
3

(
4−k0 − 4−n

)
.



38 Efficient Loading of Density Functions into Quantum States

Here we define the acceptable fidelity of the algorithm as F0 and obtain the value
of k0:

−η
2

96

(
4−k0 − 4−n

)
:= logF0 (4.44)

=⇒
(

4−k0 − 4−n
)

= −96

η2
logF0 (4.45)

=⇒ 4−k0 = 4−n − 96

η2
logF0 (4.46)

=⇒ −k0 log 4 = log

(
4−n − 96

η2
logF0

)
(4.47)

=⇒ k0 = −
log
(

4−n − 96
η2

logF0

)
log 4

. (4.48)

Note that in the limit for both F0 → 1 and η →∞, we have that

k0 → − log(4−n)/ log(4) = n, (4.49)

as expected.

Also, since k0 must be an integer, we take the ceiling of the value of Equation 4.48.
In addition, we consider the minimum of this parameter to be 2, so the condition of
η ≤ 8π is satisfied. Hence, the final expression for k0 is

k0 = max

{
d−1

2
log2(4

−n − 96

η2
log(1− ε))e, 2

}
, (4.50)

where we have defined ε ≡ 1− F0.

Once we have a fixed number of uniformly controlled rotation blocks, k0, for
which there is no clustering, we count the number of necessary gates. As mentioned
in Section 2.2.3, the gate F k−1k (ŷ,θ) can be implemented with 2k−1 CNOTs and 2k−1

single-qubit gates. Considering this result, the total number of gates is:

#CNOTs =

k0∑
k=1

2k−1 = 2k0 − 1, (4.51)

#SQG =

k0∑
k=1

2k−1 +

n∑
k=k0+1

1 = 2k0 − 1 + n− k0. (4.52)
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In the asymptotical limit of n→∞, we have that k0 behaves as

k0 → max

{
d−1

2
log2(−

96

η2
log(1− ε))e, 2

}
. (4.53)

Then, for large systems of qubits, the dependency of k0 with respect to n disappears.
In Fig. (4.2), we have depicted the values of k0 at this limit, for η ∈ [0, 8π] and
ε ∈ [0.0001, 0.01]. As we can see, even at the asymptotical limit of n → ∞ and
considering minor errors, the required minimum clustering remains in low values.
Therefore, the resulting number of gates reduces considerably.

Figure 4.2: Values of k0 for η ∈ [0, 8π], ε ∈ [0.0001, 0.01] and n → ∞, following
equation 4.53.

Thus, given a permitted error ε, we obtain a reduction of complexity from O(2n)

to O(2k0(ε)), with k0 asymptotically independent of n.

Finally, by combining all the results, we can state the main theorem of our
protocol:

Definition 4.6. Let f(x) : [xmin, xmax] → R+ be a positive integrable function in
L2([xmin, xmax]). We define the “n-qubit representative state of f(x)” as the n-qubit
state |f(x)〉n =

∑2n−1
j=0 f(xmin + jδ)|j〉, with δ = xmax−xmin

2n−1 and
∑2n−1

j=0 f2(xmin +

jδ) = 1.
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Theorem 4.7. Let f : [0, 1]→ R+ be a positive integrable function in L2([0, 1]) and
0 ≤ η ≤ 8π a constant such that η = supx∈[0,1]

∣∣∂2x log f2(x)
∣∣. Then, it is posible

to approximate the n-qubit representative state of f(x), |f(x)〉n, by a quantum state
|Ψ(f)〉n such that the fidelity |〈Ψ(f)|f(x)〉n|2 ≥ 1− ε with at most 2k0 − 1 two-qubit
gates, with

k0 = max

{
d−1

2
log2(4

−n − 96

η2
log(1− ε))e, 2

}
, (4.54)

and the circuit to perform it is given in Fig. (4.3).

Figure 4.3: Quantum circuit performing the protocol presented in this section, based
on the Grover-Rudolph method for a system of n qubits.

Proof. Using Theorem 4.1 and Corollary 4.4, we can define the representative angle
for each block as in Equation 4.25. Then, by applying Theorem 4.5 with the devel-
opment between Equations 4.42 and 4.48, it is clear that the fidelity will be larger
than or equal to 1 − ε. Finally, Equation 4.51 states that the number of two-qubit
gates necessary to realize this protocol is 2k0 − 1, as we wanted to proof.

Notice that this Theorem is limited to strictly positive functions with a bounded
second derivative of their logarithm. Hence, for multiple families of functions, we can
not guarantee a certain fidelity with a reduction of gates. However, the generalization
of this result is further explored in Section 4.3. Later, in Chapter 5, we propose a
solution with a variational circuit.
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4.2.4 Case of Study: Normal Distribution

In this section, we study the behavior of our protocol with the Gaussian distri-
bution. Given the mean µ and the standard deviation σ, the probability density
function of the Normal distribution is

f(x) =
1

σ
√

2π
e−

1
2(x−µσ )

2

. (4.55)

Our goal is to load this distribution into a quantum state. Let us now compute the
value of

∣∣∂2x log f2(x)
∣∣:

log f2(x) = −
(
x− µ
σ

)2

− log σ
√

2π (4.56)

=⇒ ∂x log f2(x) = −2
x− µ
σ2

(4.57)

=⇒
∣∣∂2x log f2(x)

∣∣ =
2

σ2
. (4.58)

As we can see,
∣∣∂2x log f2(x)

∣∣ only depends on the standard deviation parameter.
Therefore, we can set the value of η as 2/σ2 and cluster all the angles for the distri-
butions with σ such that

2

σ2
≤ 2k−1 · 8π =⇒ σ ≥

(
2k+1π

)−1/2
, (4.59)

where we have used the relation derived in Equation 4.41.

Let us now apply our procedure to different values of σ and analyze the results,
with µ = 0.5. We consider a system of 8 qubits and a maximum error of ε = 0.05.
First, in Fig. (4.4), we have depicted the values of k0 for σ ∈ [0, 3]. We see that for
σ & 0.5, the minimum number of unclustered blocks k0 required is smaller than 4,
which means that for these values of σ the reduction of gates is considerable.

Figure 4.4: Values of k0 for σ ∈ [0, 3], ε = 0.05 and n = 8, following equation 4.50.
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Finally, in Fig. (4.5) and Table (4.1) we have depicted the results from the
simulations of |f(x)〉8 and |Ψ(f)〉8, for different values of σ and 8 qubits. We see that
in all cases the condition of F ≥ 0.95 is not only satisfied, but the fidelities obtained
are considerably better. Also, notice the number of two-qubit gates required for us
to obtain these results. In the worst case, for σ = 0.3, we only need a 12.16% of
the original gates, and the fidelity of the experiment is 0.99963. All in all, with our
protocol, the normal distribution can be approximately loaded into a quantum state
with a substantial reduction of gates.

(a) (b)

(c) (d)

Figure 4.5: Simulations of |f(x)〉8 and |Ψ(f)〉8 for the Normal Distribution, n = 8,
ε = 0.05 and different values of σ: (a) σ = 1, (b) σ = 0.6, (c) σ = 0.4 and (d)
σ = 0.3. The numerical results for each experiment is given in Table (4.1).



4.3 Generalization: Singularities and Negative Functions 43

σ η k0 Fidelity #TQG %TQG

1.0 2.00 2 0.99992 3 1.18

0.6 5.56 3 0.99961 7 2.75

0.4 12.50 4 0.99943 15 5.88

0.3 22.22 5 0.99963 31 12.16

Table 4.1: Numerical data for the simulations depicted in Fig. (4.5). The values of
k0 have been computed using Equation 4.50. In addition, the number of two-qubit
gates is given by Equation 4.51, and the last column is the percentage between the
required gates and the total given by the Grover-Rudolph algorithm, which for n = 8

are 255.

4.3 Generalization: Singularities and Negative Functions

Now that we have introduced our protocol, let us benchmark it with more complex
distributions and explore how it can be generalized. In particular, we study how to
address the problem of loading functions with singularities in the second derivative
of their logarithm, as well as functions with negative values.

Let us start with the case of singularities. Consider a function f : [0, 1] → R+

with ∣∣∂2x log f(x)
∣∣ −−−→
x→0

∞. (4.60)

An example is the beta density function, defined as

f(x) =
xα−1(1− x)β−1

B(α, β)
, (4.61)

with α, β > 0 and B(α, β) the beta function. Then, the second derivative of its
logarithm is

∂2x log f(x) =
1− α
x2

+
1− β

(1− x)2
. (4.62)

Thus, for α 6= 1, we have a singularity at x = 0. Also, we see that if β 6= 1, there is
a singularity at x = 1.

In this situation,
∣∣∂2x log f(x)

∣∣ can not be bounded by a finite factor η in the
whole interval and, hence, Theorem 4.7 can not be applied. However, under certain
circumstances, this issue can be solved.
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Recall that, in Theorem 4.1, we obtained that the difference between two con-
secutive angles in a block of k qubits satisfies∣∣∣θ(k−1)l+1 − θ(k−1)l

∣∣∣ ≤ δ2k
4

∣∣∂2x log f(x)
∣∣ , (4.63)

with δk = 1
2k−1 , l ∈ {0, 1, . . . , 2k−1−2}, and x = lδk. Since the singularity is found in

x = 0, there exists a kmax from which the maximum of
∣∣∂2x log f(x)

∣∣ in [2−kmax+1, 1]

is found in x = 2−kmax+1. Then,∣∣∣θ(kmax−1)
l+1 − θ(kmax−1)

l

∣∣∣ ≤ 1

4

∣∣∂2x log f(x)|x=2−kmax+1

∣∣
22kmax−2 . (4.64)

Next, if for the limit k → ∞ the term
∣∣∂2x log f(x)|x=2−k+1

∣∣ · 2−2k+2 → 0, this value
is decreasing and there exists a k∗ ≥ kmax from which an η =

∣∣∂2x log f(x)|x=2−k∗+1

∣∣
can be set so the clustering conditions from Equation 4.41 are satisfied. This k∗ acts
as the k0 of Theorem 4.7 and represents the last block without clustering. Then, for
k > k∗, the angles corresponding to the interval [2−k+1, 1] can be clustered, following
our protocol. The case for a singularity in x = 1 is analogous, and in Fig. (4.6) it
is depicted the resulting gates corresponding to the process of clustering the inner
angles for a block of 3 qubits. Given that Ry(θ̃) ·Ry(−θ̃) = 1, we can complete the
identity of the clusterized block by subtracting θ̃ from the rest of the angles.

Ry(θ
(2)
00 ) Ry(θ̃) Ry(θ̃) Ry(θ

(2)
11 )

=

1⊗Ry(θ̃)

Ry(θ
(2)
00 ) Ry(−θ̃) Ry(θ̃) Ry(θ̃) Ry(θ̃) Ry(θ̃) Ry(−θ̃) Ry(θ

(2)
11 )

=

Ry(θ
(2)
00 − θ̃) Ry(θ̃) Ry(θ

(2)
11 − θ̃)

Figure 4.6: Example of the reduction of gates for the block of three qubits F 2
3 (ŷ,θ(2)),

where it is assumed that both θ(2)01 and θ(2)10 can be approximated by θ̃.
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In this situation, if we consider that singularities exist in x = {0, 1}, the total
number of two-qubit gates required to load f into a quantum state is

#TQGs =

k∗∑
k=1

2k−1 + 2

n∑
k=k∗+1

(80k − 398)

= 2k
∗ − 1 + 2(n− k∗)(20k∗ + 20n− 179), (4.65)

where we have used the result of Corollary 2.2. Notice that this result is only valid for
k∗ > 6, but since we are interested in the asymptotical behaviour of the protocol, it is
not an issue. All in all, we obtain that the complexity of this process is exponentially
dependent on k∗ with an extra polynomial term.

On the other hand, if a singularity is found in (0, 1), we end up with multiple
clusters of angles in each block. The reason behind this is that the clusters are
formed with contiguous angles. Therefore, the reduction of gates is not significant,
and the protocol can not be performed efficiently. However, if the representatives of
the disjointed clusters are equal, then we can create a single cluster, so the reduction
is doable. In this sense, we have numerically observed that far from the singularities,
all angles converge to a value of π/2, but we have not found an analytical proof yet.

Let us see an example of a function that meets the previous description and
analyze the outcome of the protocol. Consider the function

f(x) =
1

N
ex

3/2
(4.66)

in [0, 1], where N is the normalization factor, and a system of n = 10 qubits. The
second derivative of its logarithm is

log f(x) = x
3
2 − logN =⇒ ∂x log f(x) =

3

2

√
x (4.67)

=⇒ ∂2x log f(x) =
3

4
√
x
. (4.68)

Hence, ∂2x log f(x) has a singularity at x = 0.

First of all, since ∂2x log f(x) is a monotonic decreasing function, its maximum in
the interval [2−k+1, 1] is found in x = 2−k+1, for any k = 1, . . . , n. Then, we can set
kmax = 1. Next, we need to compute the limit of

∣∣∂2x log f(x)|x=2−k+1

∣∣ · 2−2k+2:∣∣∂2x log f(x)|x=2−k+1

∣∣ · 2−2k+2 =
3

4
√
x
|x=2−k+1 · 2−2k+2

=
3

4
2

1
2
(k−1)2−2k+2 =

3

4
2−

3
2
k+ 3

2 −−−→
k→∞

0. (4.69)



46 Efficient Loading of Density Functions into Quantum States

Therefore, the difference in the angles is bounded and we can select a k∗ ≥ 1 for
which the conditions of Theorem 4.7 are satisfied in [2−k

∗+1, 1]. The first condition
we need to check is the inequality given by Equation 4.41,

δk
8
η ≤ π, (4.70)

with η =
∣∣∂2x log f(x)|x=2−k+1

∣∣ = 3
42

1
2
(k−1). Then,

3

32
2

1
2
(k−1)2−k+1 =

3

32
2

1
2
(1−k). (4.71)

Since this term is decreasing, its maximum is found when k = 1, with a value
of 3

32 < π. Thus, this condition is met for any k = 1, . . . , n, so we can se-
lect k∗ = 1. Additionally, if we compute the value of k0 with ε = 0.01 and
η =

∣∣∂2x log f(x)|x=2−k∗+1

∣∣ = 0.75 using Equation 4.50, we obtain k0 = 2. Then,
the last block to remain unclustered must be the maximum between k0 and k∗,
which in this case is 2.

Now, in Fig. (4.7), we have depicted the result of the experiment of the con-
sidered function for a system of n = 10 qubits and the clustering starting with the
3-qubit block, following the protocol described in this section. With a fidelity of
0.99975, larger than the one required, we have that the final state |Ψ(f)〉10 success-
fully captures the features of f with a reduction of the complexity of two-qubit gates
from O(210) to O(22).

Figure 4.7: Simulation of |f(x)〉10 and |Ψ(f)〉10 for the function defined in Equation
4.66, n = 10, ε = 0.01 and the clustering process performed for k = 3, . . . , n.
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In consequence, we have presented an extension of our protocol that can load
functions with singularities found in the extremes of their domains with a similar
gate complexity.

Lastly, let us study how to tackle the case of functions with both positive and
negative values. Recall that, given a function f and a system of n qubits, our protocol
aims to prepare the state

|Ψ(f)〉n =

2n−1∑
i=0

fi |i〉 , (4.72)

with fi discrete approximations of f . To do so, we require to use the square of the
function, f2. Hence, the terms fi correspond to the absolute values of the classical
data. Then, by construction, our method is not built to load functions with change
of signs.

However, a possible solution could be adding, in the last block of rotations and
before each operation, the next gate:(

eiα 0

0 eiβ

)
, (4.73)

with α = π (β = π) if the function is negative at the left (right) part of the corre-
sponding interval, and 0 otherwise. Then, we can switch the sign of the amplitudes
of the components with different signs. The problem with this fix, though, is that
we can no longer cluster the angles of the last block. Hence, there is not substantial
reduction of gates in the algorithm unless the positions of the change of signs are
such that these operations can be performed in some of the first blocks of the circuit.

Nonetheless, in the next section, we propose a variational circuit based on our
method that can reproduce functions with negative values.
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CHAPTER 5

Variational Ansatz

In this section, we present a variational ansatz for quantum state preparation
extending the range of the applicability of the method descrived in the previous
chapter. Based on our protocol introduced in Chapter 4, this model can load clas-
sical functions which do not satisfy the necessary conditions of Theorem 4.7 into a
quantum computer, with a significant decrease in the number of gates. In particular,
we consider functions containing zeros, which lead to changes of sign and singularities
on the second derivative of their logarithm.

First, we describe the variational circuit and its hyperparameters. Next, we
propose a simple training procedure to find the optimal angles. Finally, we apply
this technique to the sine function and show the obtained results.

5.1 Ansatz

The circuit proposed an ansatz for our model based on the Grover-Rudolph cir-
cuit, depicted in Fig. (3.2), which we denote by U(θ). However, we propose as hy-
perparameters the number of angles which would remain unclustered in each block,
corresponding to the positions of zeros in the objective function. Initially, one angle
per zero is assumed, which corresponds to the one in the interval where this zero is
located. This is the minimal number of hyperparameters, but in case more precision
is required, we simply add additional angles. Then, we select the nearest angles
from both left and right, if possible. In addition, as we considered with our proto-
col, we assume the first k0 blocks are not clustered. This parameter also acts as a
hyperparameter.

Let us now count the necessary two-qubit gates to implement such model. Assume
that the desired function f has m zeros and the system has n qubits. Then, if we
consider p(k) non-clustered angles for each zero for k = k0 + 1, . . . , n, the necessary

49
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two-qubit gates are:

#TQGs =

k0∑
k=1

2k−1 +m

n∑
k=k0+1

p(k)(80k − 398) = 2k0 − 1 + rk0+1(n), (5.1)

where rk0+1(n) is a polynomial number. As we can see, this result is similar to
the one obtained in Section 4.3. Additionally, the complexity of the algorithm is
dominated by the exponential dependency of the hyperparameter k0.

5.2 Training

We proceed to illustrate the training method for our variational circuit. This
process consists of iterative steps in which a loss function that measures how far
the outcome is from the desired state is recursively minimized to obtain the optimal
parameters.

Consider a function f and n qubits. The desired quantum state is

|Ψ(f)〉n =
2n−1∑
i=0

fi |i〉 , (5.2)

where the fi terms are discrete approximations to the objective function, as presented
in Definition 4.6.

Now, given a set of angles θ, our ansatz U(θ) returns the state

|Ψ (θ)〉n = U(θ) |0〉 , (5.3)

where |0〉 ≡ |0〉⊗n. The outcome of this operator is described in detail in Sec-
tion 3.3.1. The components of the obtained state are products of sines and cosines.

Let us now introduce the mean squared error loss function, defined as

L(n, f,θ) =
1

2n

2n−1∑
i=0

(fi −Ψi (θ))2 =
1

2n

2n−1∑
i=0

(
f2i + Ψi (θ)2 − 2fiΨi (θ)

)
, (5.4)

where Ψi (θ) := 〈i|Ψ(θ)〉n.

This process aims to find the optimal parameters θ for which |Ψ (θ)〉n approxi-
mates |Ψ(f)〉n, which is equivalent to minimizing the loss function. Here, we use the
gradient descent method [53] to do so.
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Then, given any angle θ(k−1)j , with k ∈ {1, . . . , n} and j ∈ {0, 2k−1− 1}, its value
gets updated after each training step in the following way:

θ
(k−1)
j = θ

(k−1)
j − γ ∂L(n, f,θ)

∂θ
(k−1)
j

, (5.5)

where γ is the learning rate. Let us now compute the expression of the derivative:

∂L(n, f,θ)

∂θ
(k−1)
j

=
1

2n

2n−1∑
i=0

2 (Ψi(θ)− fi)
∂Ψi(θ)

∂θ
(k−1)
j

. (5.6)

Since Ψi(θ) is a product of sines and cosines, its partial derivative with respect to a
given angle is

∂Ψi(θ)

∂θ
(k−1)
j

=



−1
2

sin
(
θ
(k−1)
j /2

)
cos
(
θ
(k−1)
j /2

)Ψi(θ) if j · 2n−k+1 ≤ i < (j + 1) · 2n−k,

1
2

cos
(
θ
(k−1)
j /2

)
sin
(
θ
(k−1)
j /2

)Ψi(θ) if (j + 1) · 2n−k ≤ i < (j + 1) · 2n−k+1,

0 otherwise.

(5.7)

Finally, different stopping criteria exist to put to an end the training process. A
simple example is to fix a number of training steps. Another criteria, which is the one
we consider for our numerical simulations, is to set a tolerance for the loss function.
Therefore, when the difference between the cost function of two consecutive steps is
less than the given tolerance, the process is considered satisfactory.

As a summary, in Algorithm 1 we have depicted the pseudocode corresponding
to the training process.

Algorithm 1 Algorithm for the training process
Require: n qubits, normalized function f , objective state |Ψ(f)〉n, circuit U(θ)

with hyperparameters, stopping criteria and learning rate γ.
1: Initialize parameters θ
2: while stopping criteria is not met do
3: |Ψ (θ)〉n ← U(θ) |0〉
4: Compute loss function L(n, f,θ)

5: θ ← θ − γ ∂L(n,f,θ)∂θ

6: end while



52 Variational Ansatz

5.3 Case of Study: Sine Function

In order to test our proposal, we consider the normalized sine function sinx in
the domain [0, 32π]. In this interval, there are two zeros: 0 and π. Notice that the
second zero is not in an extreme of the domain. Hence, we attempt to cluster angles
that are not contiguous.

In our case, the stop condition is a maximum of 500 training epochs or when the
reduction of the loss function is smaller than a tolerance of 10−7. In addition, the
value of the learning rate γ is set to be 1.5.

Let us now train our model for a system of 5 qubits and a different number of
angles per zero in each block, p(k). In particular, we consider p(k) = 1, 2, 3, k, where
k denotes the block. Also, we take the parameter k0 to be 2. Therefore, the first two
blocks remain invariant under the clusterization.

In Fig. (5.1), we have depicted the evolution of both the loss function and the
fidelity during the training process for the case of p(k) = 1. We can see that both
quickly converge to a value close to their ideal one of 0 and 1, respectively.

(a) (b)

Figure 5.1: Evolution of the (a) loss function and (b) fidelity during the training
process with p(k) = 1, n = 5, k0 = 2 and γ = 1.5.
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Now, in Fig. (5.2), we have the final states of our trained circuits for different
values of p(k). We see that the circuit with fewer angles, for p(k) = 1, returns a state
with a fidelity of 0.9727 and captures the main features of the objective function,
including the zeros. By increasing the number of independent angles associated with
each zero, the final circuit is more accurate around these points, as expected.

(a) (b)

(c) (d)

Figure 5.2: Amplitudes of the final state |Ψ (θ)〉5 for (a) p(k) = 1, (b) p(k) = 2, (c)
p(k) = 3, and (d) p(k) = k, in comparison with the objective state |Ψ (sin(x))〉5, as
well as their fidelities.

Let us now apply this procedure to different numbers of qubits and study how the
fidelity behaves. For each n, we start with p(k) = 1 and keep increasing this value
until the circuit contains all possible angles. In Fig. (5.3), we show the result of the
experiment for n ∈ {5, . . . , 10} and k0 = 3. Notice that the black areas correspond
to combinations of number of qubits and number of angles that are not possible. We
see that, in all cases, for the minimum number of angles, the fidelity is around 0.98.
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Then, as we add more angles to each zero, this value converges to 1, since all gates
will be considered.

3 4 5 6
4

5

6

7

8

9

10

0.98

0.984

0.988

0.992

0.996

1
Fidelity

Figure 5.3: Fidelity for different combinations of n ∈ {5, . . . , 10} and p(k), with
k0 = 3. The axis corresponding to the total number of angles is in logarithmic scale.

It is important to notice how the variational circuit can prepare a quantum
state with considerable fidelity and a few angles, even when increasing n. Also, in
comparison with the QGANs, introduced in Section 3.3.3, we see that our training
process is less complex and computationally faster. This is because we only need to
train one network and the parameter space is smaller.

In summary, we have tested the proposed ansatz in a function with two zeros
and obtained successful results. Therefore, it is a solid indication that the conditions
of Theorem 4.7 could be relaxed so more types of functions can be loaded using the
presented protocol. Moreover, we have used a simple loss function and optimization
method. Then, with better adapted procedures, we can further improve the learning
process of this variational circuit.



CHAPTER 6

Conclusions

This thesis aimed at finding an efficient protocol for loading classical data, in
particular real functions, into quantum computers, which is a major bottleneck for
emerging fields such as quantum machine learning. With this in mind, we have ana-
lytically developed an algorithm that reduces de complexity from O(2n) to O(2k0(ε)),
where n denotes the number of qubits, k0(ε) is asymptotically independent of n, and
ε corresponds to the permitted error. This reduction of two-qubit gates leads to a
significant speedup, which allows us to implement quantum protocols involving data
embeddings in large qubit systems without this task taking a lot of time consumption.

The idea behind this protocol is to cluster the angles in certain blocks of the
Grover-Rudolph circuit. We have proven that this drastically reduces the number of
required gates without causing a large impact on the final error, measured by the fi-
delity. Additionally, we have generalized this method for a certain family of functions
containing singularities. However, even though we have obtained promising numer-
ical results for density functions with singularities that do not satisfy the previous
conditions, we have not been able to analytically prove this behaviour. Hence, this
problem remains open for future studies. Furthermore, we have proposed an ansatz
inspired in our protocol for a variational model. We have seen that it can correctly
load functions with zeros and both positive and negative values.

All in all, we have successfully developed a constructive quantum state prepara-
tion algorithm with a lower complexity than most of the existing methods to upload
real functions into quantum computers. This paves the way for new applications in
quantum computing in general, and in quantum machine learning in particular.
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APPENDIX A

Code

A.1 Efficient loading of density functions into quantum
states

Matlab code corresponding to Chapter 4.

A.1.1 Data

function [anglesFunc, representativeAngleFunc, ineqFunc, objFunc, xmax,
xmin] = get_data(obj)

%get_data.m returns the necessary data given the objective function
% Inputs:
% obj : string denoting the objective function
%
% Outputs:
% anglesFunc : function to compute the angles
% representativeAngleFunc : function to compute the reesentative angle
% given a cluster.
% ineqFunc : function to compute the der2log
% objFunc : function to compute the objective function
% xmax : max value of the interval
% xmin : min value of the interval
%
%-------------------------------------------------------------------------

switch obj
case ’black-scholes’

dataFunc = @dataBlackScholes;
case ’normal’

dataFunc = @dataNormalDist;
case ’log-normal’

dataFunc = @dataLogNormalDist;
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case ’gamma’
dataFunc = @dataGammaDist;

case ’beta’
dataFunc = @dataBetaDist;

case ’sin’
dataFunc = @dataSinDist;

case ’poli’
dataFunc = @dataPoli;

otherwise
disp("Distribution not available. Choose one of the following or

add new ones:")
disp(’black-scholes’)
disp(’normal’)
disp(’log-normal’)
disp(’gamma’)
disp(’beta’)

end
[anglesFunc, representativeAngleFunc, ineqFunc, objFunc, xmax, xmin] =

dataFunc();
end
%--------------------------------------------------------------------------

function [anglesFunc, representativeAngleFunc, ineqFunc, objFunc, xmax,
xmin] = dataLogNormalDist()

%dataLogNormalDist.m returns the necessary data for the Log-Normal
Distribution Problem

%
% Outputs:
% anglesFunc : function to compute the angles
% representativeAngleFunc : function to compute the representative angle
% given a cluster.
% ineqFunc : function to compute the der2log
% objFunc : function to compute the log-normal
% xmax : max value of the interval
% xmin : min value of the interval
%
%--------------------------------------------------------------------------
mu = 1;
sigma = 1;

xmin = 0;
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xmax = exp(sigma + mu);

anglesFunc = @anglesLN;
representativeAngleFunc = @representativeAngleLN;
ineqFunc = @log_2der_lognormal;
objFunc = @lognormalFunc;

%----------------------------------------------------------------------
function angles=anglesLN(n)
%anglesLN computes the angles for the Log-Normal Distribution Problem.
% Inputs:
% n : number of qubits.
%
% Outputs:
% angles : vector the angles.

angles = zeros(1, 2^n);
gs = zeros(1, 2^n);
xs = linspace(xmin, xmax, 2^n+1);

%f = @(x, m, s)
(exp(-((log(x)-m).^2)/(2.*s.^2))./(sqrt(2.*pi).*(s.*x)));

for i=1:(numel(xs)-1)
a = xs(i);
b = xs(i+1);

%gs(i) = integral(@(x) f(x, mu, sigma), a, (a+b)/2);
%gs(i) = gs(i)/integral(@(x) f(x, mu, sigma), a, b);

gs(i) = integral_ln((a+b)/2) - integral_ln(a);
gs(i) = gs(i)/(integral_ln(b) - integral_ln(a));

angles(i) = 2*acos(sqrt(gs(i)));
end

end
%---------------------------------------------------------------------
function angle=representativeAngleLN(n, pos1, pos2, numAngles)
%representativeAngleN computes the representative angle for the

Log-Normal
%Distribution problem, given a cluster.
% Inputs:
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% pos1 : Left position of the cluster.
% pos2 : Right position of the cluster.
% numAngles : Number of angles to consider.
%
% Outputs:
% angles : vector the angles.

numAngles = min(numAngles, pos2 - pos1 + 1);
pos = [pos1:pos2];

%we select random elements of the interval
selected_elem = randperm(numel(pos), numAngles);
selected_pos = sort(pos(selected_elem));
xs = linspace(xmin, xmax, 2^n+1);

%now we compute the angles
angles = zeros(1, numAngles);
for i=1:numAngles

p = selected_pos(i);
a = xs(p);
b = xs(p+1);

gs = integral_ln((a+b)/2) - integral_ln(a);
gs = gs/(integral_ln(b) - integral_ln(a));

angles(i) = 2*acos(sqrt(gs));
end

angle = median(angles);
end
function val=integral_ln(y)
%Integral of the Normal Distribution

val = erf((-2*mu+sigma^2+2*log(y))/(2*sigma));
end
%---------------------------------------------------------------------
function val=log_2der_lognormal(y)
%Second derivative of the logarithm of the Normal Distribution Problem

val = 2*((-1 - mu + sigma^2 + log(y))/(sigma*y)^2);
end

function val=lognormalFunc(y)
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%Normal Distribution Function
val = exp(-(log(y)-mu)^2/(2*sigma^2))/(y*sigma*sqrt(2*pi));

end
end
%--------------------------------------------------------------------------

function [anglesFunc, representativeAngleFunc, ineqFunc, objFunc, xmax,
xmin] = dataPoli()

%dataPoli.m returns the necessary data for the Polinomial Exponential
Problem

%
% Outputs:
% anglesFunc : function to compute the angles
% representativeAngleFunc : function to compute the representative angle
% given a cluster.
% ineqFunc : function to compute the der2log
% objFunc : function to compute the normal
% xmax : max value of the interval
% xmin : min value of the interval
%
%--------------------------------------------------------------------------
l = 1.5;

xmax = 0;
xmin = 1;

anglesFunc = @anglesP;
representativeAngleFunc = @representativeAngleP;
ineqFunc = @log_2der_poli;
objFunc = @poliFunc;

%----------------------------------------------------------------------
function angles=anglesP(n)
%anglesP computes the angles for the Polinomial Exponential problem.
% Inputs:
% n : number of qubits.
%
% Outputs:
% angles : vector the angles.

angles = zeros(1, 2^n);
gs = zeros(1, 2^n);
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xs = linspace(xmin, xmax, 2^n+1);

f = @(x) (exp(x.^l)).^2;

for i=1:(numel(xs)-1)
a = xs(i);
b = xs(i+1);

gs(i) = integral(@(x) f(x), a, (a+b)/2);
gs(i) = gs(i)/integral(@(x) f(x), a, b);

angles(i) = 2*acos(sqrt(gs(i)));
end

end
%---------------------------------------------------------------------
function angle=representativeAngleP(n, pos1, pos2, numAngles)
%representativeAngleP computes the representative angle for the

Polinomial
% Exponential problem, given a cluster.
% Inputs:
% pos1 : Left position of the cluster.
% pos2 : Right position of the cluster.
% numAngles : Number of angles to consider.
%
% Outputs:
% angles : vector the angles.

numAngles = min(numAngles, pos2 - pos1 + 1);
pos = [pos1:pos2];

%we select random elements of the interval
selected_elem = randperm(numel(pos), numAngles);
selected_pos = sort(pos(selected_elem));
xs = linspace(xmin, xmax, 2^n+1);

%now we compute the angles
angles = zeros(1, numAngles);
for i=1:numAngles

p = selected_pos(i);
a = xs(p);
b = xs(p+1);
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gs = erf((((a+b)/2)-mu)/sigma) - erf((a-mu)/sigma);
gs = gs/(erf((b-mu)/sigma)-erf((a-mu)/sigma));

angles(i) = 2*acos(sqrt(gs));
end

angle = median(angles);
end
%---------------------------------------------------------------------
function val=log_2der_poli(y)
%Second derivative of the logarithm of the Polinomial Exponential
% Problem

val = l*(l-1)*y^(l-2);
end

function val=poliFunc(y)
%Polinomial Exponential Function

val = exp(y^(l));
end

end

A.1.2 Uniformly Controlled Rotations Hamiltonian

function [basis, coef]=UCRHamiltonianBlock(n, anglesFunc, plotCoef)
%UCRHamiltonianBlock.m computes the Hamiltonian of a Uniformly Controlled
% Z-Rotations in the Cartan basis.
% Inputs:
% n : number of qubits performing the controlled operation.
% anglesFunc : function performing the computation of the angles.
% plotCoef : boolean, if true the coefficients are plotted.
%
% Outputs:
% basis : vector of the basis elements (sorted).
% coef : vector of the coefficients (sorted).
%-------------------------------------------------------------------------
%First, we compute the angles (given a prob distribution)
angles = anglesFunc(n);
%-------------------------------------------------------------------------
%Now we generate the components of the UCR.
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%-------------------------------------------------------------------------
proj_str = dec2bin([0:2^n-1], n); %generate the binary expression for each

element
proj = str2num(reshape(proj_str,[],1)); %pass the binary str to array of

int
proj = reshape(proj, [], n); %reshape it

[~, indices] = sort(sum(proj, 2));%finally sort it by the number of 0s
proj_sorted = proj(indices, :); %save the sorted list of controlled

rotations
%-------------------------------------------------------------------------
%Finally we compute the coefficients
%-------------------------------------------------------------------------
cartan_coef = zeros(1, length(proj_sorted)); %initialize the coef to zero
for i=1:length(proj_sorted)

for k=1:2^n
aux = proj(k, :); %k-1 projector: k-1 binary value into array
cartan_coef(i) = cartan_coef(i) +

angles(k)/2*(-1)^(aux*proj_sorted(i, :)’);
end
cartan_coef(i) = cartan_coef(i)/(2^n);

end
%-------------------------------------------------------------------------
%Here we sort the coefficients and the corresponding basis
%-------------------------------------------------------------------------
[cartan_coef_sorted, ind] = sort(abs(cartan_coef),’descend’);
coef = cartan_coef(ind);
basis = proj_sorted(ind, :);
%we add a one at the end of all the projectors, corresponding to the

sigma_z from
%the rotation of the n+1 qubit.
basis(:, n+1) = ones(2^n, 1);
%-------------------------------------------------------------------------
% Now we plot the sorted coefficients, if desired
%-------------------------------------------------------------------------
if plotCoef

plot([1:2^n], cartan_coef_sorted, ’DisplayName’,"n="+n)
set(gca, ’YScale’, ’log’)
legend
hold on

end
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end
%-------------------------------------------------------------------------
function [H] = Hamiltonian(coef,basis, n, k)
%HAMILTONIAN computes the Hamiltonian matrix in the cartan basis.
% Inputs:
% coef : vector of the coefficients.
% basis : vector of the basis elements.
% n : total number of qubits.
% k : number of qubits involved in the UCR.
%
% Outputs:
% H : matrix of the UCR Hamiltonian.

%from the basis, 1 represents Sz and 0 the identity
Sz = [1 0; 0 -1];
I = [1 0; 0 1];
cartan_elements = {I, Sz};

H = zeros(2^k);

s = size(basis);
for i=1:s(1)

basis_element = basis(i, :);
aux = 1;
for j=1:length(basis_element)

aux = kron(aux, cartan_elements{basis_element(j)+1});
end
H = H + coef(i)*aux;

end
H = kron(H, eye(2^(n-k)));
end
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A.1.3 Reduction of Gates

function [necessary_proj, final_angles]=reduce_gates(available_clusters,
l, j, angles, proj, n, previous_cluster)

%reduce_gates.m reduces the number of gates recursively with the help of
% existing angle clusters.
% Inputs:
% available_clusters : matrix that indicates the initial and final
% indices of each cluster.
% l : integer denoting the number of partition.
% j : integer denoting the number of elements of each
% partition
% angles : vector containing the angles.
% proj : matrix containing the projectors.
% n : number of qubits performing the controlled operation.
% previous_cluster : vector with the last cluster.
%
% Outputs:
% necessary_proj : vector of the necessary projectors.
% final_angles : vector of the final angles.
%-------------------------------------------------------------------------
%First we generate the two partitions. A on the left and B on the right.
A = [(j-2^(n-l)+1):j];
B = [(j+1):(j+2^(n-l))];

c = -1;
%find cluster that is found in A and B
for i=1:(numel(available_clusters)/2)

if ismember(available_clusters(i, 1), A) &&
ismember(available_clusters(i, 2), B)
c = i;
break

end
end

if c > 0 % cluster exists
theta = angles(available_clusters(c, 1));
angles(A) = angles(A) - theta;
angles(B) = angles(B) - theta;

p = proj(available_clusters(c, 1), :);
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p(l:end) = -1;

%extract cluster
current_cluster = available_clusters(c, :);
available_clusters(c, :) = [];
if l == 1%initial case, we recursively compute the left and right

%partitions
[necessary_proj_left, final_angles_left] =

reduce_gates(available_clusters, l+1, j-2^(n-l-1), angles,
proj, n, current_cluster);

[necessary_proj_right, final_angles_right] =
reduce_gates(available_clusters, l+1, j+2^(n-l-1), angles,
proj, n, current_cluster);

necessary_proj = [necessary_proj_left; p; necessary_proj_right];
final_angles = [final_angles_left theta final_angles_right];

elseif l < n
%general case. we need to add the left projectors
[necessary_proj_left, final_angles_left] =

reduce_gates(available_clusters, l+1, j-2^(n-l-1), angles,
proj, n, current_cluster);

[necessary_proj_right, final_angles_right] =
reduce_gates(available_clusters, l+1, j+2^(n-l-1), angles,
proj, n, current_cluster);

disp(previous_cluster)
if all(p(l-1) == 0) && all(previous_cluster ~= 0)

aux_p = proj(previous_cluster(1):j+2^(n-l), :);
aux_theta = -theta*ones(1, j+2^(n-l) - previous_cluster(1) + 1);

necessary_proj = [necessary_proj_left; p; aux_p;
necessary_proj_right];

final_angles = [final_angles_left theta aux_theta
final_angles_right];

elseif all(p(l-1) == 1) && all(previous_cluster ~= 0)
aux_p = proj(j+2^(n-l):previous_cluster(2), :);
aux_theta = -theta*ones(1, -j+2^(n-l) + previous_cluster(2) + 1);

necessary_proj = [necessary_proj_left; p; aux_p;
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necessary_proj_right];
final_angles = [final_angles_left theta aux_theta

final_angles_right];
else

necessary_proj = [necessary_proj_left; p; necessary_proj_right];
final_angles = [final_angles_left theta final_angles_right];

end
else

%limit case, we only have two elements
necessary_proj = p;
final_angles = theta;

end

else % cluster does not exist
if l < n

%general case. we recursively compute the left and right
%partitions
[necessary_proj_left, final_angles_left] =

reduce_gates(available_clusters, l+1, j-2^(n-l-1), angles,
proj, n, 0);

[necessary_proj_right, final_angles_right] =
reduce_gates(available_clusters, l+1, j+2^(n-l-1), angles,
proj, n, 0);

necessary_proj = [necessary_proj_left; necessary_proj_right];
final_angles = [final_angles_left final_angles_right];

else
%limit case, we only have two elements
p1 = [];p2=[];theta1=[];theta2=[];

%we must check if the elements are available
if ismember(A, available_clusters)

p1 = proj(A, :);
theta1 = angles(A);

end

if ismember(B, available_clusters)
p2 = proj(B, :);
theta2 = angles(B);

end
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necessary_proj = [p1; p2];
final_angles = [theta1 theta2];

end
end
end

A.1.4 Simulation

%Program main
clear
close all

%Parameters
%----------------------------------------------------------------------
n = 10; %Number of qubits

%obj = ’normal’;
obj = ’poli’;
[anglesFunc, representativeAngleFunc, ineqFunc, objFunc, xmax, xmin] =

get_data(obj);

epsilon = 0.01; %Accepted error for the angles.
k0 = 4;
initial_state = [1;0]; %the initial state is !0> for all qubits

SH = (1/2)^(0.5)*[1 0;0 1j]*[1 1;1 -1]; %Phase Gate*Hadamard gate
HSd = (SH)’;

s=135;
deltax=4*log(s)/(2^n-1);
x=[-2*log(s)];
for j=1:2^n-1
x(j+1)=-2*log(s)+j*deltax;

end
x = linspace(xmin, xmax, 2^n);
sv=exp(x-log(s));
sv=sv(length(sv)/2+1:end);

%First Gate: Hadamard
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%----------------------------------------------------------------------
if strcmp(obj, ’black-scholes’)

%We apply the Hadamard gate to the first qubit
phi = [1 1;1 -1]*initial_state;

else %For the general case, compute the first angle
theta = anglesFunc(0)/2;
Ry = [cos(theta), -sin(theta);sin(theta), cos(theta)];
phi = Ry*initial_state;

end
phi = phi/sqrt(phi’*phi); %we normalize it

for i=2:n
phi = kron(phi, initial_state);

end

phi_total = phi; %this phi will be the control.
phi_epsilon_reduced = phi; %this phi will be the one with reduced gates.
phi_epsilon_s = phi; %this state is the control state for the reduction.
%----------------------------------------------------------------------
num_gates_total = 0;
num_gates_epsilon = 0;

total_gates = [];
reduced_gates_total = [];
reduced_gates_pc = [];
computed_angles = [];

%Rest of the Gates: Uniformly Controlled Rotations
%----------------------------------------------------------------------
for k=2:n

%----------------------------PHI_TOTAL-----------------------------
%compute the basis and the coefficients
[basis, coef]=UCRHamiltonianBlock(k-1, anglesFunc, false);
num_gates_total = num_gates_total + numel(coef);
H = Hamiltonian(coef,basis, n, k);
Pre = kron(kron(eye(2^(k-1)),HSd),eye(2^(n-k)));
Post = kron(kron(eye(2^(k-1)),SH),eye(2^(n-k)));
phi_total = Pre*phi_total;
phi_total = expm(-1j*H)*phi_total;
phi_total = Post*phi_total;
%----------------------------PHI_EPSILON---------------------------
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%First we compute the angles and the clusters, given the error epsilon
angles = anglesFunc(k-1);
angles_original = angles;
xs = linspace(xmin, xmax, 2^(k-1)+1);

%initially, no clusterization is considered
ineq = zeros(1, numel(angles_original));
if k>k0
%for blocks larger than k0, we cluster everything except the angles

required
t = 0;
ineq = ones(1, numel(angles_original));
ineq(1:1+t) = 0;

end

clusters = [1 1];
num_clusters = 1;

%We create the clusters given the inequality values
for i=1:length(angles)-1

if ineq(i) == 1 && ineq(i+1) == 1 %&& abs(angles(i)-angles(i+1)) <
epsilon

%if abs(angles(i)-angles(i+1)) < 2*epsilon
angles(i+1) = angles(i);
clusters(num_clusters, 2) = i+1;

else
num_clusters = num_clusters + 1;
clusters = [clusters; i+1 i+1];

end
end
disp(clusters)
s = size(clusters);
%Now we select the representative angle for each cluster
numAngles = (k-1)^2;
computed_angles(k-1) = 0;
for i=1:s(1)

pos1 = clusters(i, 1);
pos2 = clusters(i, 2);
angles(pos1:pos2) = (angles_original(pos1)+angles_original(pos2))/2;
%angles(pos1:pos2) = mean(angles_original(pos1:pos2));
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m1 = median(angles_original(pos1:pos2));
m1 = mean(angles_original(pos1:pos2));
%m2 = representativeAngleFunc(k-1, pos1, pos2, numAngles);

angles(pos1:pos2) = m1;
%angles(pos1:pos2) = m2;

aux1 = angles_original(pos1:pos2);
aux2 = angles(pos1:pos2);

computed_angles(k-1) = computed_angles(k-1) + min(numAngles, pos2 -
pos1 + 1);

end
disp("Computed Angles: "+computed_angles)
disp("Total Angles: "+numel(angles))
num_gates_epsilon = num_gates_epsilon + num_clusters;

proj_str = dec2bin([0:2^(k-1)-1], k-1); %generate the binary expression
for each element

proj = str2num(reshape(proj_str,[],1)); %pass thke binary str to array
of int

proj = reshape(proj, [], k-1); %reshape it

%given the clusters, we now compute the necessary angles and
%projectors.
l=1;j=2^(k-1-1);
[necessary_proj, final_angles] = reduce_gates(clusters, l, j, angles,

proj, k-1, 0);

%For the BS problem, we delete the projectors corresponding to 0s
if strcmp(obj, ’black-scholes’)

K = 45;
c = 3;
s = c *K;
first = 0;
last = 0;
original_proj = proj;
original_necessary_proj = necessary_proj;
for j=1:numel(xs)

if xs(j) > -log(s*K) && first == 0
first = j-1;
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end
if xs(j) > log(s*K)

last = j;
break

end
end
if last <= numel(angles)

proj = proj(first:last, :);
angles = angles(first:last);

else
proj = proj(first:end, :);
angles = angles(first:end);

end
deleted_proj = setdiff(original_proj, proj, ’rows’);
[necessary_proj, iNP] = setdiff(necessary_proj, deleted_proj,

’rows’);
final_angles = final_angles(iNP);

end
size_necessary = size(necessary_proj);
%We compute the unitary operator and evolve the state.
for j=1:size_necessary(1)

%here we apply the rotation corresponding to each projector
P = 1;
for e=1:(k-1)

switch necessary_proj(j, e)
case -1

P = kron(P, eye(2));
case 0

P = kron(P, [1 0]’*[1 0]);
case 1

P = kron(P, [0 1]’*[0 1]);
end

end
theta = final_angles(j)/2;
Ry = [cos(theta), -sin(theta);sin(theta), cos(theta)];
if k == n

pos1 = clusters(j, 1);
pos2 = clusters(j, 2);
xs_aux = linspace(xs(pos1), xs(pos2+1), 5);
alpha = 0;
beta = 0;
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if objFunc(xs_aux(2)) < 0
alpha = pi;

end
if objFunc(xs_aux(4)) < 0

beta = pi;
end

end
U = kron(P, Ry) + kron(eye(2^(k-1)) - P, eye(2));
U = kron(U, eye(2^(n-k)));
phi_epsilon_reduced = U*phi_epsilon_reduced;

end
size_all = size(proj);
%We do the same but for the general case, to compare the result of the
%reduction method.
for j=1:size_all(1)

%here we apply the rotation corresponding to each projector
P = 1;
for e=1:(k-1)

switch proj(j, e)
case -1

P = kron(P, eye(2));
case 0

P = kron(P, [1 0]’*[1 0]);
case 1

P = kron(P, [0 1]’*[0 1]);
end

end
theta = angles(j)/2;
Ry = [cos(theta), -sin(theta);sin(theta), cos(theta)];
%for negative values, we flip the sign of the
if k == n

xs_aux = linspace(xs(j), xs(j+1), 5);
alpha = 0;
beta = 0;
if objFunc(xs_aux(2)) < 0

alpha = pi;
end
if objFunc(xs_aux(4)) < 0

beta = pi;
end
Ry = [real(exp(1i*alpha)) 0; 0 real(exp(1i*beta))]*Ry;
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end
U = kron(P, Ry) + kron(eye(2^(k-1)) - P, eye(2));
U = kron(U, eye(2^(n-k)));
phi_epsilon_s = U*phi_epsilon_s;

end
%------------------------------------------------------------------
reduced_gates_total(k-1) = numel(final_angles);
reduced_gates_pc(k-1) = numel(final_angles)/numel(angles_original);
total_gates(k-1) = numel(angles_original);

disp(necessary_proj)
end
fidelity_epsilon_reduced = abs(phi_total’*phi_epsilon_reduced)^2;
error_epsilon_reduced = 1 - fidelity_epsilon_reduced;
disp(fidelity_epsilon_reduced)

phi_total’*phi_total
phi_epsilon_s’*phi_epsilon_s
phi_epsilon_reduced’*phi_epsilon_reduced

fidelity_epsilon_s = abs(phi_total’*abs(phi_epsilon_s))^2;
error_epsilon_s = 1 - fidelity_epsilon_s;

% here we compute the objective function
ys = zeros(1, numel(x));
for i=1:numel(x)

ys(i) = objFunc(x(i));
end

figure; hold on
plot(x, -ys/trapz(x, abs(ys)), ’b’, ’DisplayName’, "Phi Total",

’LineWidth’, 4);
plot(x, -phi_epsilon_reduced/trapz(x, abs(phi_epsilon_reduced)),’:’,

’LineWidth’, 10);
set(gca, ’fontsize’, 35, ’box’, ’on’)
grid on
ylabel(’Amplitudes’,’FontSize’,55,’Interpreter’,’latex’)
xlabel(’$x$’,’FontSize’,55,’Interpreter’,’latex’)
legend({’$|f(x)\rangle_{12}$’,’$|\Psi(f)\rangle_{12}$’},’Interpreter’,’latex’)
lgd=legend;
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lgd.FontSize =60;

phi_total;
phi_epsilon_reduced’*phi_epsilon_reduced
legend
disp("--------------------.---Simulation Summary-------------------------")
disp("Distribution: "+obj)
disp("Fidelity: "+fidelity_epsilon_reduced)
for k=1:n-1

str = sprintf("Block %d -> %d:", k, k+1); disp(str)
str = sprintf("\t - Total Controlled Gates: %d", total_gates(k));

disp(str)
str = sprintf("\t - Necessary Controlled Gates: %d",

reduced_gates_total(k)); disp(str)
str = sprintf("\t - Percentage of Necessary Controlled Gates: %.3f %%",

reduced_gates_pc(k)*100); disp(str)
disp(" ")
str = sprintf("\t - Total Number of Angles: %d", total_gates(k));

disp(str)
str = sprintf("\t - Number of Computed Angles: %d",

computed_angles(k)); disp(str)
disp("-----------------------------------------")

end
figure;
plot(reduced_gates_total)

A.1.5 Figure Angles

%Program main
clear
close all
%-------------------------------------------------------------------------
obj = ’black-scholes’;
obj = ’normal’;
%obj = ’log-normal’;
%obj = ’gamma’;
obj = ’beta’;
%obj = ’sin’;
[anglesFunc, representativeAngleFunc, ineqFunc, objFunc, xmax, xmin] =

get_data(obj);
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fig=figure; hold on
plot(anglesFunc(8),’--’, ’LineWidth’,7.5, ’Color’, ’#f4a582’);
plot(anglesFunc(9),’-’, ’LineWidth’,7.5, ’Color’, ’#2c7bb6’);
plot(anglesFunc(10),’:’, ’LineWidth’,7.5, ’Color’, ’#ca0020’);

axis ([1 2^10 0 pi+.1])

set(gca, ’fontsize’, 30, ’box’, ’on’)
axis equal square
grid on
xlabel(’Index’,’FontSize’,35,’Interpreter’,’latex’)
ylabel(’$\theta$’,’FontSize’,35,’Interpreter’,’latex’)
title(’Angles for the Beta Distribution ($\alpha=0.5$,

$\beta=0.5$)’,’FontSize’,40,’Interpreter’,’latex’)
legend({’Block of 7 Qubits’,’Block of 8 Qubits’, ’Block of 9

Qubits’},’Interpreter’,’latex’)
legend boxoff
lgd=legend;
lgd.FontSize =40;

A.1.6 Figure k0

%Program main
clear
close all
%-------------------------------------------------------------------------
n = 50;
k0s1 = zeros(1, 100);
k0s2 = zeros(1, 100);
k0s3 = zeros(1, 100);
etas = linspace(0, 8*pi, 100);

for i=1:100
k0s1(i) = max(k0(n, etas(i), 0.9), 2);
k0s2(i) = max(k0(n, etas(i), 0.99), 2);
k0s3(i) = max(k0(n, etas(i), 0.999), 2);

end

fig=figure; hold on
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plot(etas, k0s1,’--’, ’LineWidth’,7.5, ’Color’, ’#f4a582’, ’DisplayName’,
’\epsilon=0.9’);

plot(etas, k0s2,’-’, ’LineWidth’,7.5, ’Color’, ’#2c7bb6’, ’DisplayName’,
’\epsilon=0.99’);

plot(etas, k0s3,’:’, ’LineWidth’,7.5, ’Color’, ’#ca0020’, ’DisplayName’,
’\epsilon=0.999’);

set(gca, ’fontsize’, 30, ’box’, ’on’)
grid on
xlabel(’$\eta$’,’FontSize’,35,’Interpreter’,’latex’)
ylabel(’$k_0$’,’FontSize’,35,’Interpreter’,’latex’)
lgd=legend;
lgd.FontSize =30;

etas = linspace(0, 8*pi, 300);
eps = linspace(0.99, 0.99999, 1000);

k0st = [];
for et=1:300

k0s = [];
for ep=1:1000

k0s(ep) = max(k0(n, etas(et), eps(ep)), 2);
end
k0st = [k0st; k0s];

end

figure;
set(gca, ’fontsize’, 25, ’box’, ’on’)
colormap(parula)
[M,c] = contourf(eps, etas, k0st, ’:’, ’Showtext’, ’on’);
clabel(M,c,’FontSize’,20,’Color’,’black’, ’FontWeight’,’bold’)
c.LineWidth = 0.00001;
c = colorbar(’FontSize’, 25);
set(gca, ’fontsize’, 25, ’box’, ’on’)
ylabel(’$\eta$’,’FontSize’,45,’Interpreter’,’latex’)
xlabel(’$1-\epsilon$’,’FontSize’,45,’Interpreter’,’latex’)

function val=k0(n, eta, F0)
val = -log(4^(-n)-96*log(F0)/(eta^2))/log(4);
val = ceil(val);

end
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A.2 Variational Model

Python code corresponding to Chapter 5.

A.2.1 Model

import math
import numpy as np

class StatePreparationModel:
"""
This class represents the variational model to optimize the angles of

the Grover-Rudolph Circuit to prepare quantum states.

Attributes
----------
n : int

number of qubits
xmin: double

min value of the interval
xmax : double

max value of the interval
state_true : np.array
array representing the objective function

initial_angles : np.array
initial value for the angles

angles : np.array
current value of the angles

n_min : int
min value of k to start the merge

merge : boolean
True if merge is desired, False otherwise

zeros : list
list of zeros of the function

num_zeros_angles : dict
dictionary with the number of angles associated to each zero

unique_angles : dict
dictionary with the unique angles and the ones they each represent

"""
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def __init__(self, n, xmin, xmax, state_true, initial_angles, n_min=3,
merge=False, zeros=[], num_zeros_angles = {}):
self.n = n
self.xmin = xmin
self.xmax = xmax
self.state_true = state_true
self.zeros = zeros
self.initial_angles = np.array(initial_angles)
self.angles = self.initial_angles

self.n_min = n_min

self.merge = merge
self.num_zeros_angles = num_zeros_angles
self.unique_angles = self._merge_angles()

def _merge_angles(self):
"""Returns the dictionary with the merged angles.
"""
if not self.merge:

return None
unique_angles = {}
# We iterate over each block
for k in range(self.n):

# Number of angles per zeros in the function
n_angles_zeros = 1
if k in self.num_zeros_angles:

n_angles_zeros = self.num_zeros_angles[k]
angles_zero = [] #here we save the angles associated to zeros
xs = np.linspace(self.xmin, self.xmax, pow(2, k)+1)
pos = pow(2, k) - 1 #position of the first angle of the block in

the list of parameters
merged_angles = [] #here we save the angles that will be

clusterized
for i in range(pos, pow(2, k+1)-1): #we iterate over the angles

of the current block
if k < self.n_min:

#for blocks before the minimum required, we take all the
angles

unique_angles[i] = [i]
else:
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a, b = xs[i-pos], xs[i-pos+1] #interval associated to
the current angle

to_merge = True
for z in self.zeros:

if z >= a and z <= b: #if zero in the interval, this
angle will be unique
unique_angles[i] = [i]
angles_zero.append(i)
to_merge = False
break

if to_merge: #if not zero found in any interval, we
select the angle to be merged
merged_angles.append(i)

#now we select more angles, in case the number of angles per
zero is larger than 1

if n_angles_zeros > 1:
for angle in angles_zero:

left = angle
right = angle
left_found = False
right_found = False
counter = 0
for i in range(max(n_angles_zeros, pow(2, k))):

#take the one in the left, if possible
if left-1 in merged_angles:

#we take the left angle as unique and delete it
from the merge list

unique_angles[left-1] = [left-1]
merged_angles.remove(left-1)
left = left - 1
counter = counter + 1
left_found = True

else:
left_found = False

#if the desired number of angles is achieved, we stop
if counter >= n_angles_zeros - 1:

break
#take the one in the right, if possible
if right+1 in merged_angles:

#we take the rigth angle as unique and delete it
from the merge list
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unique_angles[right+1] = [right+1]
merged_angles.remove(right+1)
right = right + 1
counter = counter + 1
right_found = True

else:
right_found = False

#if the desired number of angles is achieved, we stop
if counter >= n_angles_zeros - 1:

break
#if there are no angles in the left or right, we stop
if left_found == False and right_found == False:

break
#we finally merge the left angles
if len(merged_angles) > 0:

unique_angles[merged_angles[0]] = merged_angles
#we update the values of the angles. For the ones merged, they take

the same value
for angle in unique_angles:

self.angles[unique_angles[angle]] = self.angles[angle]
return unique_angles

def _update_grads(self, grads):
"""Updates the gradients given the dictionary with unique angles

and their representatives.
"""
for angle in self.unique_angles:

if len(self.unique_angles[angle]) > 1:
grads[self.unique_angles[angle]] =

np.sum(grads[self.unique_angles[angle]])
return grads

def simulate(self):
"""Simulates the circuit.
"""
state = np.ones(pow(2, self.n))
for k in range(self.n):

num_el = pow(2, self.n-k)
num_par = pow(2, k)
m = num_par - 1
c = 0
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for j in range(num_par):
for i in range(num_el):

if i < num_el/2:
state[c] = state[c]*math.cos(self.angles[m]/2)

else:
state[c] = state[c]*math.sin(self.angles[m]/2)

c = c + 1
m = m + 1

return state

def derivative_angles(self, state, sq=False):
"""Takes the derivative of the parameters given the state. For both

the lineal and the squared cases.
"""
grads = np.zeros(len(self.angles))
F_sq = 1
if sq:

F_sq = 2
for k in range(self.n):

num_el = pow(2, self.n-k)
num_par = pow(2, k)
m = num_par - 1
c = 0
for j in range(num_par):

for i in range(num_el):
if i < num_el/2:

grads[m] = grads[m] -
F_sq*state[c]*math.sin(self.angles[m]/2)/

math.cos(self.angles[m]/2)
else:

grads[m] = grads[m] +
F_sq*state[c]*math.cos(self.angles[m]/2)/

math.sin(self.angles[m]/2)
c = c + 1

m = m + 1
return grads

def train(self, steps=100, lr=0.1, tol=0):
"""Trains the model.
"""
total_loss = []
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fidelities = []
for e in range(steps):

if len(total_loss) > 2:
if total_loss[-2] -total_loss[-1] < tol:

break
state_pred = self.simulate()
error = state_pred - self.state_true
error = np.multiply(error, error)/len(state_pred)
loss = sum(error)
total_loss.append(loss)
grads = self.derivative_angles(np.multiply(state_pred,

state_pred), sq=True) +
self.derivative_angles(np.multiply(-2*state_pred,
self.state_true))

#update grads in case merge
if self.merge:

grads = self._update_grads(grads)
self.angles = self.angles - lr*grads
fid = state_pred.dot(state_true)**2
fidelities.append(fid)

return total_loss, fidelities

A.2.2 Case Study: Sine Function

import math
import numpy as np

import time
import StatePreparationModel

xmin = 0
xmax = 3*np.pi/2

merge = True
zeros = [0, np.pi, 2*np.pi]

models = []

tol = 1e-7
lr = 1.5
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results = []

for n in range(2, 11):
xs = np.linspace(xmin, xmax, pow(2, n))
ys = [math.sin(i) for i in xs]

ys2 = [i**2 for i in ys]
ys = [i/math.sqrt(sum(ys2)) for i in ys]

state_true = ys
if n == 2:

params = np.ones(pow(2, n)-1)
else:

pos = pow(2, n-2) - 1
params = np.append(models[-1].angles,

np.repeat(models[-1].angles[pos:], 2))
num_zeros_angles = {}
model = StatePreparationModel(n=n, xmin=xmin, xmax=xmax,

state_true=state_true, initial_angles=params, merge=merge, n_min=3,
zeros=zeros, num_zeros_angles=num_zeros_angles)

fidelities = []
total_loss = []

t = time.time()
total_loss, fidelities = model.train(500, lr, tol)
t = time.time()-t

models.append(model)
results.append([n, len(model.unique_angles), len(model.angles),

fidelities[-1],
total_loss[-1], len(fidelities), t, 1])

k = 1
pos = pow(2, n-1) - 1

while(len(model.unique_angles) < len(model.angles)):
k = k + 1
num_zeros_angles = {i: k for i in range(2, 11)}
params = model.angles
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model = StatePreparationModel(n=n, xmin=xmin, xmax=xmax,
state_true=state_true,
initial_angles=params, merge=merge, n_min=3, zeros=zeros,

num_zeros_angles=num_zeros_angles)
fidelities = []
total_loss = []

t = time.time()
total_loss, fidelities = model.train(500, lr, tol)
t = time.time()-t

results.append([n, len(model.unique_angles), len(model.angles),
fidelities[-1],

total_loss[-1], len(fidelities), t, k])

print("--------------------------------------")
print("n: {}".format(n))
print("\t Number of Angles: {}".format(len(model.angles)))
print("\t k : {}".format(k))
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