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Abstract

Since the very early stages of quantum computation, the use of quantum computers as
platforms for the simulation of quantum systems was thought to offer computational
advantage over the use of classical computers [1, 2]. Recently, a new paradigm between
Adiabatic Quantum Computation performed in gate-based Digital Quantum Computers
was demonstrated [3], which combines the strength of the adiabatic algorithm to encode
and solve a broad range of problems, with the generality of digital quantum computing
that allows the implementation of a wider range of interactions and is compatible with
error correction protocols. In this thesis we cover the digital quantum simulation of
the Rabi model, making an emphasis in the simulation of the time-dependent variation,
with a time-dependent interaction term. With this generalization, the problem can
be understood as an Adiabatic Quantum Computation problem, making it feasible for
the implementation making use of the new paradigm of Digitized-Adiabatic Quantum
Computing. To enhance the performance of the algorithm, we study the addition of
Digitized Shortcuts to Adiabaticity [4], exploring the computation of a Counter-diabatic
term with the recently proposed approximation method of the nested formula [5] and
proposing a novel way of performing the simulation via the Counter-diabatic term,
reducing the circuit depth required. From the study of a simple model, we intend to
understand the effect of adding STA techniques into the simulation, with a view to
their future extension to more complex systems, where they could be beneficial in the
approach towards quantum advantage.
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1 Introduction

The simulation of a system consists on the ability to emulate how its state changes
in time. Simulating quantum systems, via classical computers or quantum simulators,
is a useful tool for physics research. It allows the study of quantum systems in a
programmable fashion, serving as a tool for model validation and offering savings in
terms of time and resources compared to running experiments in the laboratory.
Despite still not having a rigorous proof, simulating quantum-mechanical systems in a
classical computer seems to be highly inefficient. If we consider just the classical mathe-
matical formulation to represent quantum states and quantum operations, the memory
capacity that a classical computer needs to store the information of a quantum state
scales exponentially, making the simulation of large systems of qubits exponentially
harder to perform with classical technology.
Despite this limitation, it should be noted that there exists more clever simulation
algorithms that are capable of using the specific structure and properties of the system
to reduce the needed amount of classical resources. For some physical problems, like
many-body systems, there exist classical stochastic methods, known as Montecarlo
algorithms, developed to treat large quantum-mechanical systems [10]. Also methods
like density functional theory [11], mean-field theory [12] or many-body perturbation
theory [13] simplify the computation of certain properties of large quantum systems,
but all these methods still face some problems when simulating certain scenarios, like
strongly-interacting systems or many-body fermionic systems. Consequently, they
cannot be generalize for any arbitrary system and it is interesting to consider quantum
simulators as a generalized solution for the simulation of quantum systems.
Quantum simulators are devices that exploit quantum-mechanical effects to emulate the
behaviour of a quantum system of interest. For quantum simulation we can distinguish
two approaches: Analog Quantum Simulation (AQS) and Digital Quantum Simulation
(DQS) [14]. AQS consist on using an accessible and configurable quantum-mechanical
system, to emulate a different quantum system, which is usually harder to implement
and study experimentally, exploiting the similarities between both systems. The second
approach, and the one on which we will focus for the majority of this thesis, is DQS,
which consist on using the general paradigm of digital quantum computation to emulate

1



the evolution of a quantum system of interest, exploiting the fact that the operators
describing the quantum system evolution can be decomposed and implemented using a
universal set of quantum gates.
From the literature we can distinguish two differentiated trends in DQS: Long-term and
Near-Termmethods. Long-termmethods rely on algorithms with long quantum circuits,
which imply many operations and qubits, feasible in fault tolerant quantum computers.
Near-term methods, in contrast, rely on hybrid quantum-classical algorithms, which
combine classical computing power with quantum computers, allowing for narrower
quantum circuit depths, reasonable for its application in noisy near-term hardware.
An example of near-term method is the variational algorithm [15]. This method relies
in preparing a parametrized circuit ansatz, for which, by running iterative-optimization
over it, evaluating the ansatz using a quantum computer and running an optimization
method using a classical one, we can find optimized values of the parameters so that
the ansatz best mimics the time-evolution operator. This method is purely heuristic,
and it is hard to estimate its cost and accuracy, what can be problematic in certain
applications [16].
Long-term methods, contrary to near-term, offer an advantage in terms of predicting
the accuracy and resources required for the algorithm to succeed. In this thesis we
will make use of decomposition algorithms, in the form of product formulas [17, 18],
to decompose the time-evolution operator so that it can be implemented in a digital
quantum computer. Despite counting as a long-term method, product formulas are one
of the simplest ways to implement an exponential operator. They do not require of
ancilla qubits and can take advantage of the structure of the Hamiltonian to improve
its efficiency, allowing the simulation of all types of Hamiltonians, including time-
dependent ones. However, it faces the problems of asymptotically bad scaling and large
gate-counts.
In this thesis we intend to explore the digital quantum simulation of the Quantum Rabi
Model (QRM), one of the most elementary models describing the interaction of light
and matter. This model, despite being elemental, does not present a simple analytical
solution, and was not until a decade ago that an analytical solution was found [19, 20].
With this in mind, we explore how the quantum digital simulation of the model can
give a prediction on its dynamics, and how efficient can this simulation be done, with a
view to a future extension to more complicated models, such as the Dicke Model. For
that purpose, we treat the time-independent and time-dependent QRM, exploring the
scalability and resources needed for their digital simulation. Additionally, we focus
on exploring the application of Shortcuts to Adiabaticity[21] techniques to improve
the digital simulation, based on recent studies that suggest their implementation in a
digitized form [3, 4]. These simulation can be of importance for ground state preparation,
also considering that the ground state of QRM in the deep-strong coupling regime is
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a superposition of Schrodinger Cat states, which are of high importance in quantum
information applications. We intend to study how the introduction of a ounter-diabatic
term (CD) in a digitized form affects the amount of resources needed and the fidelity
of the simulation. Previous studies proposed a CD term, valid for regimes where the
atom transition frequency is small compared with the rest of the bare energies of the
system [22]. Here we explore its application and a further extension to explore the
computation of a more general expression for all parameter regimes by employing the
CD approximation method using the nested commutator formula [5].
The thesis is structured as follows. On chapter 2, we review the different paradigms for
quantum simulation, making an emphasis in Digital Quantum Simulation, of central
interest in this project. On chapter 3, we briefly introduce the Adiabatic Quantum
Computation paradigm and discuss Shortcuts to Adiabaticity methods, of importance
for the later simulation of the time-dependent QRM. Following in chapter 4, we briefly
discuss the QRM derivation and its different coupling regimes, to follow up with the
description and results of the digital quantum simulation of the time-independent and
time-dependent QRM. In chapter 5, we present the counter-diabatic term studied and we
explore its application for the quantum digital simulation of the time-dependent QRM.
Finally, in chapter 6, we present some conclusion extracted from the results obtained
and provide some prospects for future research.
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2 Quantum Simulation

Since the very early stages of quantum computation, the use of quantum computers as
platforms for the simulation of quantum systems was thought to offer computational
advantage over the use of classical computers [1, 2]. There exist different ways to per-
form quantum simulations via quantum computers. Some methods rely on the intrinsic
natural behaviour of the quantum platform. Others rely on the general paradigm of
quantum digital computation to emulate the evolution of the systems. In this section we
will cover briefly the different methods for quantum simulation via quantum computers,
making an emphasis in Digital Quantum Simulation.
Among the different types of quantum simulations we can distinguish between meth-
ods that rely on the natural behaviour of quantum platforms, which are known as
Analog Quantum Simulation (AQS), and methods that rely on the simulation of systems
using digital quantum gates, called Digital Quantum Simulation (DQS). Both different
paradigms have its advantages and disadvantages. AQS often offers better simulations
with less errors, although it is harder to design and it lacks flexibility for addressing
different types of systems. For DQS, the methods are more systematic and general but
the precision can be sometimes limited by the errors and approximations required.

2.1 Analog Quantum Simulation
Analog Quantum Simulation (AQS) is a type of simulation that exploits the similarities
between a quantum model, which usually presents no analytical solution and is com-
plicated to reproduce in a laboratory environment, and a controllable and accessible
quantum system, for which we have full control and will act as the simulator. More
precisely, this method relies on studying Hamiltonians of quantum-mechanical systems,
realizable in a experimental set-up, in which, by the manipulation of certain control
parameters, we can induce the form of the Hamiltonian of a model desired. Once the
model to be simulated is induced by the control parameters, we just have to encode an
initial desired state and let the quantum simulator system evolve naturally and measure
it to study the dynamics of the encoded model of interest [23].
Although this is a very powerful method for quantum simulation, it has certain limita-
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2.2. Digital Quantum Simulation

tions. The main one is its restriction to models that can be encoded into a quantum
simulator system. For a model to be suitable to be encoded into a quantum simulator,
there needs to be similarities between both systems, this requires a previous study
and engineering of the quantum simulator system, therefore, there is not a simple and
systematic way of doing it. Along this thesis we will not cover analog simulators in
depth but we will center the attention in Digital Quantum Simulation (DQS).

2.2 Digital Quantum Simulation
Digital Quantum Simulation (DQS) is a more systematic and less system-dependent
paradigm than Analog Quantum Simulation. In DQS, a set of quantum operations,
selected to be universal, are used to simulate all type of single-qubit and two-qubit
interactions. The method, which was first proposed by Lloyd [2], consists in the
decomposition of the Hamiltonian unitary evolution operator into single and two-qubit
interactions, which can be implemented in a quantum computer. The first step is to
manipulate the system Hamiltonian so that it presents the form:

H =
N∑
k=1

Hk. (2.1)

WhereHk are interactions formed by spin operators that may act in a single or multiple
Hilbert spaces. This can be a simple task for certain systems, such as spin-chains, but it is
not that simple for bosonic, spin-bosonic and fermionic systems. To turn Hamiltonians
into this form, there exist different transformations, for instance, Jordan-Wigner and
Bravyi-Kitaev transformations [24, 25] for quantum chemistry, which map fermionic
operators into spin operators, or mappings used to map bosonic operators into spin
operators, to simulate bosonic or spin-bosonic systems [8]. Later on in this project, we
will go deeper into some of the mappings to simulate spin-bosonic systems.
Once we present a Hamiltonian of the form (2.1), Lloyd proposed using the first-
order Trotter-Suzuki formula to approximate the time evolution operator. For time-
independent Hamiltonians it will present the form:

U(0, t) = exp(−iHt) = lim
n→∞

(
N∏
k=1

exp

(
−iHk

t

n

))n

. (2.2)

Using this expression the time evolution operator can be approximated to an arbitrary
precision by truncating at a certain number of trotter steps n:
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2.2. Digital Quantum Simulation

U∗(0, t) =

(
exp

(
−iHN

t

n

)
· · · exp

(
−iH1

t

n

))n

. (2.3)

The approximation consist on dividing the total time evolution into n intervals, where
the chain of unitary operators exp

(
−iHN

t
n

)
· · · exp

(
−iH1

t
n

)
is evolved for a time

t/n. By concatenating this evolution n times we will reach the final state up to some
error. The error produced by the truncation of n is bounded by [26]:

||exp(−iHt)− U∗|| ≤ t2

2n

N∑
j=1

∣∣∣∣∣∣∣∣ N∑
k=j+1

[Hk, Hj]

∣∣∣∣∣∣∣∣. (2.4)

Where ||·|| represents the spectral norm. It is worth noting that the error produced
depends on the ordering of the summand termsHk in the initial HamiltonianH. Finding
the best ordering of the terms that produces the smallest error is a difficult task in
general and it strongly depends on the system considered, although there are some
articles that suggest different techniques to reduce it [27, 28]. After the expansion
using the first-order Trotter formula, the evolution operator presents a form that can
be implemented in a quantum computer.
For the case of time-dependent Hamiltonians the decomposition takes the form [29]:

U(0, t) = T̂ exp

(
−i
∫ t

0

H(t′) dt′
)

≈
n−1∏
j=0

N∏
k=1

exp (−iHk(j∆t)∆t) . (2.5)

Where T̂ is the time-ordering operator and ∆t = t
n
. For this kind of systems an extra

decomposition is included to divide the time-dependent Hamiltonian into small time
steps where the time is considered as constant. For that reason, when considering the
digital decomposition of time-dependent Hamiltonians, in general, we will need a larger
number of Trotter steps n.
Each unitary term exp

(
−iHk

t
n

)
in the approximated unitary operator U∗ is formed by

a chain of spin operator acting on one or several Hilbert spaces, i.e., Pauli operators
chain acting on one or more qubits, that can be implemented as combinations of single
and two-qubit gates in a quantum computer. For the implementation we must consider
the circuit equivalence of some unitary operators, the main circuit equivalence that we
must bare in mind is the one of Pauli Z operators chain:
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2.2. Digital Quantum Simulation

exp

(
−i θ

2
σz ⊗ · · · ⊗ σz

)
≡

. . . . . .

...
. . . . . .

|q0⟩

|q1⟩

|q2⟩

|qN−2⟩

|qN−1⟩ Rz(θ)

(2.6)
This equivalence is easy to prove if we consider the formula representing the CNOT
gate:

CNOT =


1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0

 = |0⟩⟨0| ⊗ I + |1⟩⟨1| ⊗ σx. (2.7)

Proving for the simplest case of two-qubit Z interaction exp(−i θ
2
σz ⊗ σz):

exp

(
−i θ

2
σz ⊗ σz

)
≡

|q0⟩

|q1⟩ Rz(θ)
(2.8)

Expanding the exponential operator:

exp

(
−i θ

2
σz ⊗ σz

)
= cos

(
θ

2
σz ⊗ σz

)
− i sin

(
θ

2
σz ⊗ σz

)
= cos

(
θ

2

)
I ⊗ I − i sin

(
θ

2

)
σz ⊗ σz.

(2.9)

From the circuit representation in (2.8), if the rotation gate can be described as Rz(θ) =
exp

(
−i θ

2
σz
)
:
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2.2. Digital Quantum Simulation

CNOT

(
I ⊗ exp

(
−i θ

2
σz

))
CNOT = CNOT

(
I ⊗

(
cos

(
θ

2

)
− i sin

(
θ

2

)
σz

))
CNOT

= CNOT

(
cos

(
θ

2

)
I ⊗ I − i sin

(
θ

2

)
I ⊗ σz

)
CNOT

= cos

(
θ

2

)
I ⊗ I − i sin

(
θ

2

)
σz ⊗ σz.

(2.10)
Then we see that the two-qubit Z interaction is equivalent to the circuit defined in (2.8):

exp

(
−i θ

2
σz ⊗ σz

)
= CNOT

(
I ⊗ exp

(
−i θ

2
σz

))
CNOT. (2.11)

This proof can be generalized for an arbitrary number of qubits repeating the same
procedure followed here, giving rise to the first circuit equivalence defined in (2.6).
From this circuit equivalence we can generate a systematic equivalence to map every
possible Pauli operator chain into a quantum computer, we simply need to rotate every
qubit into the Z basis, perform the interaction with the Pauli Z operators chain, and
then rotate it back to its original basis. This rotations can be realized using single-qubit
gates:

σx = Ry

(π
2

)
σz Ry

(
−π
2

)
,

σy = Rx

(
−π
2

)
σz Rx

(π
2

)
,

(2.12)

where Rx(θ) =

(
cos(θ/2) −i sin(θ/2)

−i sin(θ/2) cos(θ/2)

)
and Ry(θ) =

(
cos(θ/2) − sin(θ/2)
sin(θ/2) cos(θ/2)

)
.

Then we can prove that any unitary Pauli operator chain can be transformed into a
combination of single-qubit rotations and a Z Pauli operator chain:

exp

(
−i θ

2
σi ⊗ σ(n)

x ⊗ σj

)
= cos

(
θ

2
σi ⊗ σ(n)

x ⊗ σj

)
− i sin

(
θ

2
σi ⊗ σ(n)

x ⊗ σj

)
= cos

(
θ

2

)
I ⊗ I(n) ⊗ I − i sin

(
θ

2

)
σi ⊗ σ(n)

x ⊗ σj

= cos

(
θ

2

)
I ⊗

(
R(n)

y

(π
2

)
I(n)R(n)

y

(
−π
2

))
⊗ I − i sin

(
θ

2

)
σi ⊗

(
R(n)

y

(π
2

)
σ(n)
z R(n)

y

(
−π
2

))
⊗ σj

= R(n)
y

(π
2

)(
cos

(
θ

2

)
I ⊗ I(n) ⊗ I − i sin

(
θ

2

)
σi ⊗ σ(n)

z ⊗ σj

)
R(n)

y

(
−π
2

)
= R(n)

y

(π
2

)(
exp

(
−i θ

2
σi ⊗ σ(n)

z ⊗ σj

))
R(n)

y

(
−π
2

)
,

(2.13)
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2.3. Digital-Analog Quantum Simulation

where {σi, σj} are arbitrary Pauli operators and the superscript (n) represents the qubit
onto which the operator is acting on. Following the same exact method we can convert
every Pauli operator of the chain into Z Pauli operators, and consequently, we can
implement every type of Pauli operators interaction in a quantum computer. The
general circuit structure to simulate all type of Pauli operator interactions will be:

exp

(
−i θ

2
σ
(0)
i0

⊗ · · · ⊗ σ
(N−1)
iN−1

)
⇒

. . . . . .

...

. . . . . .

|q0⟩ Hi0 H ′
i0

|q1⟩ Hi1 H ′
i1

|q2⟩ Hi2 H ′
i2

|qN−2⟩ HiN−2
H ′

iN−2

|qN−1⟩ HiN−1 Rz(θ) H ′
iN−1

,

(2.14)
where Hi represents R(n)

y

(
π
2

)
, R(n)

x

(
π
2

)
or I(n), and H ′

i represents R
(n)
y

(
−π

2

)
, R(n)

x

(
−π

2

)
or I(n), for i ∈ {x, y, z}, respectively.

2.3 Digital-Analog Quantum Simulation
Additionally to the therefore mentioned methods, there has been proposals to combine
both methods to improve the simulation in certain scenarios. This combination is
known as Digital-Analog Quantum Simulation [30, 23]. This method relies on the fact
that certain operations are more suitable for its implementation with specific types
of quantum simulation techniques than others, then, by performing digital quantum
operations in combination with periods of free analog quantum evolution, the quantum
simulation can be improved.
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3 Digitized-Adiabatic Quantum
Computing

Adiabatic quantum computing (AQC) is a quantum computing paradigm that relies on
the Adiabatic Theorem to perform calculations. It is a different computation paradigm
to the aforementioned Digital quantum computation (DQC), which relies in quantum
gates, although it was proven that both methods are equivalent and therefore, equally
powerful [31]. The Adiabatic Theorem, firstly proposed by M. Born and V. Fock in
1928, states that a physical system, if slowly subjected to a perturbation, remains in
its instantaneous eigenstate when there exists a gap between its eigenvalue and the
rest of the energy spectrum. In this chapter we will cover how this theorem can be
used to solve computational problems and how both paradigms of digital and adiabatic
computing can be combined into Digitized-Adiabatic quantum computing (DAQC) to
address certain types of problems.

3.1 Adiabatic Quantum Computing
The general method for AQC consist in encoding a computational problem into a
system Hamiltonian, in an specific way, so that by evolving the system, satisfying the
Schrödinger equation, we can reach a final Hamiltonian whose ground state encodes
the solution of the computational problem.
The procedure starts by defining a simpler instance of the problem we want to compute,
for which we already know its solution, i.e., its ground state. This simpler problem will
be encoded into an initial Hamiltonian Hi. Then we define a final Hamiltonian Hf ,
which will encode the full problem we want to solve, but whose ground state is not
previously known.
The second step is to define a time-dependent Hamiltonian of the form:

H[t] = (1− λ[t])Hi + λ[t]Hf . (3.1)

Where λ[t] is a function that varies from zero to one along a time period T , driving the
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3.2. Shortcuts to Adiabaticity

system fromHi toHf . Then the adiabatic theorem states that, if we start in the ground
state ofHi, and evolve the state in timewith respect toH[t], in an infinitely slowway, i.e.,
t→ ∞, the system will remain in its ground state during the evolution and eventually
reach the ground state ofHf with probability of one, which encodes the solution of the
problem. In reality, the process cannot take infinitely long time and we need to restrict
the evolution to a finite time period T , what infers an error that causes the probability
of reaching the ground state of Hf no longer to be one, as there can be excitations.
How fast or how slow we need to vary the parameter λ[t] to achieve an adiabatic
transition is given by the gap between the eigenvalue of the instantaneous eigenstate
and the rest of the eigenstates in the energy spectrum. To achieve adiabatic transitions
the evolution must fulfil the adiabatic condition |⟨Em(t)|Ėn̸=m(t)⟩| ≫|em(t)− en(t)|,
where {|En(t)⟩} and en(t) are instantaneous eigenstates and eigenvalues of the system.
In general, in systems for which we do not have an analytical expression, T ∼ 1/∆min

with ∆min being the minimal gap between instantaneous eigenstates.

3.2 Shortcuts to Adiabaticity
For the AQC method to work properly, with high certainty of reaching the final desired
state and finding the solution to the computational problem, it usually requires long
evolution times. Evolving a quantum system in real hardware for long times can be a
problematic task to carry out, mainly due to the problem of preserving the coherence of
the quantum state during the evolution. To face this problem, a set of techniques were
developed to allow faster evolutions, avoiding unwanted excitations, called Shortcuts to
adiabaticity (STA) [21].
There exist many STA techniques, but in this thesis, we are going to focus in the
counter-diabatic driving (CD) technique, as it is the one that will be used later on to
improve the quantum simulation of the Quantum Rabi Model. For the formulation and
definition of the CD driving we are going to follow the reference [32].
Let’s start considering a time-dependent Hamiltonian H(t) and the time-evolution
operator U(t) that generates its dynamics through the Schrödinger equation. By
rescaling the evolution time t ∈ (0, T ) to s = t/T so that s ∈ (0, 1), we can write the
Schrödinger equation (in natural units ℏ = 1) as:

i
dU(s)

ds
= T H(s)U(s). (3.2)

We know that, in general, there exists a set of transformations that diagonalize the
Hamiltonian H(s) → Hdiag = A†(s)H(s)A(s). From this set of transformations we
want to find one that best approximates the dynamics in the adiabatic limit (T → ∞),
this is the adiabatic transformation (AT) [33].
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To summarize how the AT is formulated and how the CD driving follows naturally
from it, we can start considering a general Hamiltonian of the form:

H(s) =
N∑
j=1

Ej(s)Pj(s), (3.3)

where Ej(s) represent its eigenvalues and Pj(s) are a set of Hermitian and orthogonal
projection operators. The AT A(s) is a unitary transformation that mimics the dynamic
evolution of the system, taking any initial projection operator to a finite time s :
A(s)Pj(0)A

†(s) = Pj(s). The evolution of A(s) is given by:

i
dA(s)

ds
= K(s)A(s) → K(s) = i

dA(s)

ds
A†(s). (3.4)

By changing to the adiabatic representation, given by UA(s) = A†(s)U(s), we can
rewrite the equation of motion as:

i
d

ds

(
A(s)UA(s)

)
= T H(s)A(s)UA(s),

i
dA(s)

ds
UA(s) + iA(s)

dUA(s)

ds
= T H(s)A(s)UA(s),

i
dUA(s)

ds
=

(
T A†(s)H(s)A(s)− iA†(s)

dA(s)

ds

)
UA(s).

(3.5)

Then we can define:

HA(s) = A†(s)H(s)A(s),

KA(s) = iA†(s)
dA(s)

ds
= A†(s) i

dA(s)

ds
A†(s)A(s) = A†(s)K(s)A(s).

(3.6)

To finally get:

i
dUA(s)

ds
=
(
T HA(s)−KA(s)

)
UA(s). (3.7)

From the new Hamiltonian in the adiabatic representation, we know that HA(s) is
diagonal, as it was one of the requirements for the transformation A(s), then it follows
that, to achieve adiabatic dynamics, we need to cancel the termKA(s). For that purpose,
we include an extra term into the Hamiltonian, the CD term HA

CD(s):
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Hadiabatic(s) = T HA(s) + T HA
CD(s)−KA(s),

HA
CD(s) =

1

T
KA(s) =

1

T
iA†(s)

dA(s)

ds
,

(3.8)

where HA
CD(s) is the CD term in the adiabatic representation. Coming out of the

adiabatic representation, and reverting the time rescaling, the CD term can be expressed
as:

HCD(t) = i
dA(t)

dt
A†(t). (3.9)

Now we have derived a type of driving that cancels the diabatic transitions of the
system. This kind of driving, even if powerful, can face some limitations. There can be
systems for which we can not find such a transformation A(t) or where the physical
application of the driving is not possible to implement. For that scenarios, there exists
a different approach, based on the approximation of the CD term by approximating the
adiabatic potential Aλ.

3.3 Counter-diabatic Driving Approximation
The computation of the CD driving term requires the kwnoledge of spectral features of
the system, which are not always available in certain systems, like many-body ones.
To deal with this problem, recently an expression to approximate the CD term was
presented [5] which was proven to be able to give a good approximation in certain sce-
narios [4], extracting the fundamental behaviour responsible for the diabatic response,
and allowing for a partial cancellation.
The method is based on the same principles we described in the last section. We present
a Hamiltonian H(λ), which depends on time through the control variable λ[t]. The
value of λ varies from 0 to 1 to drive the Hamiltonian from an initial to a final state. To
keep an adiabatic transition, we need to add an extra term:

Hadiabatic(λ) = H0(λ) + λ̇Aλ. (3.10)

Where Aλ is known as the adiabatic gauge potential and it is defined as:

⟨m|Aλ|n⟩ = i⟨m|∂λ|n⟩. (3.11)

This term cancels non-adiabatic transitions between eigenstates and is equivalent to
the CD term:
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HCD(λ) = λ̇Aλ. (3.12)

From its definition, it is clear that obtaining Aλ requires the knowledge of the system
spectra and requires an exact diagonalization of the system. To avoid this requirement,
Claeys et al. [5] proposed:

A(l)
λ = i

l∑
k=1

αk [H0, [H0, · · · [H0︸ ︷︷ ︸
2k−1

, ∂λH0]]]. (3.13)

From this expression we can obtain an approximation up to order l of the adiabatic
gauge potential, having that for l → ∞ we recover the exact expression. To obtain an
approximate adiabatic gauge potential A∗

λ, the method consist on taking low order ap-
proximations and obtaining the value of the parameters αk by variationally minimizing
the action Sλ:

Sl = Tr[G2
l ], Gl = ∂λH0 − i[H0,A∗

λ]. (3.14)

The strength of this methods relies on the fact that, for certain systems, just by taking
low order approximations, we can extract the diabatic nature of the system, calculating
an expression that, although not being the exact one, is usefull to partially cancel the
diabatic behaviour of the system.

3.4 Digitized-Adiabatic Quantum Computing
To perform AQC we essentially need to perform the time evolution of a certain time-
dependent Hamiltonian. There exist different platforms to perform AQC, the principal
one being quantum annealers [34]. Quantum annealers face some limitations in terms
of the flexibility to implement certain interactions, connectivity between qubits and
fault tolerance methods. The use of digital quantum computers to perform AQC, firstly
proposed by R. Barrens et al. [3], offers a more flexible and general platform than
quantum annealers, allowing the implementation of a wider range of Hamiltonians,
including non-stoquastic ones, and the combination with error correction methods. In
Digitized-Adiabatic Quantum Computing (DAQC), Digital Quantum Computers are used
to digitally simulate the adiabatic algorithm, employing methods such as Trotterization
for the creation of quantum circuit algorithms.
To enhance the performance of DAQC, the counter-diabatic driving STA technique can
be applied, in a digitized form. The application of STA to DAQC, firstly explored by
Hegade et al. [4], allows for the reduction of circuit depths of the quantum circuit
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algorithms and, in general, an error reduction and improvement of the algorithm for
certain scenarios.
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4 Quantum Rabi Model

Light-matter interaction has been a widely studied phenomenon since 1936 when I. I.
Rabi proposed a semi-classical approach to study the interaction of a classical light field
and a quantized atom [35, 36]. Twenty five years later, a fully quantized version of the
model was proposed by E. Jaynes and F. Cummings [37], where the atomwas considered
as a two-level quantized system and the light field was simplified to a single-mode
quantized field, it received the name of Quantum Rabi Model (QRM). Following up
with this fully-quantized model, they also proposed an approximated model, valid for
weak-coupling regimes, intended for the study of the phenomenon of spontaneous
emission and absorption of photons in a cavity, which was not possible to predict using
a classical description of the field; it was called Jaynes-Cummings Model. In this chapter
we will make a brief review of these light-matter models, emphasizing the different
regimes in which each of the models can be used to obtain a reliable prediction of the
systems behavior. Additionally, we will explore the quantum digital simulation of these
models, considering its cost in terms of resources and the fidelity of the simulations.

4.1 Atom-field Interaction Hamiltonian
The interaction of a radiation field with a single-electron atom can be represented by
the Hamiltonian:

HQRM = Hfield +Hatom +Hinteraction. (4.1)

Hfield represents the free field Hamiltonian, Hatom represents the two-level quantized
atom and Hinteraction describes the interaction between both systems. The first term
corresponding to the single-mode free quantized field is simply the harmonic oscillator
Hamiltonian:

Hfield = ℏωf (a
†a+

1

2
). (4.2)

Where ωf represents the transition frequency of the cavity field, and a† and a represent
the single-mode cavity field creation and annihilation operators, respectively. For
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4.1. Atom-field Interaction Hamiltonian

the representation of the two-level quantized atom Hamiltonian we can use the atom
transition operators[38]:

σij = |i⟩⟨j|, (4.3)

Hatom =
∑
i

Ei|i⟩⟨i| =
∑
i

Eiσii. (4.4)

Where {|i⟩} represents a complete set (
∑

|i⟩⟨i| = 1) of possible energy eigenstates of
the atom. If we consider the atom as a two-level system consisting of two possible
states: excited |e⟩ and ground |g⟩:

Hatom = Eeσee + Egσgg. (4.5)

Having that σee and σgg form a complete set (σee+σgg = 1) and definingEe−Eg = ℏωa,
we can rewrite the atomic Hamiltonian as:

Hatom =
1

2
ℏωa(σee − σgg) +

1

2
(Ee + Eg). (4.6)

Lastly, the term describing the interaction can be written, in the dipole approximation,
as:

Hinteraction = −erE. (4.7)

Where e and r are the charge and the position vector of the electron, andE is the electric
field operator. Considering the electric field operator in the dipole approximation, with
a point-like atom placed at the origin: E = ϵ̂E (a† + a) with E = (ℏωf/(2ϵ0V ))1/2; we
can rewrite the interaction term as:

Hinteraction = −e
∑
i

|i⟩⟨i|r
∑
j

|j⟩⟨j|E (4.8)

= −e⟨i|r|j⟩
∑
ij

|i⟩⟨j|E (4.9)

= −e⟨i|r|j⟩ϵ̂E
∑
ij

|i⟩⟨j|(a† + a). (4.10)

By defining ℏgij = −e⟨i|r|j⟩ϵ̂E , simplifying g = gij = gji and considering the two
possible states of the atom:
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4.1. Atom-field Interaction Hamiltonian

Hinteraction = ℏg(σeg + σge)(a
† + a). (4.11)

Now we can simplify the notation, making the equivalence with the Pauli matrices:

σeg = |e⟩⟨g| = σ+, (4.12)
σge = |g⟩⟨e| = σ−, (4.13)
σeg + σge = σ+ + σ− = σx, (4.14)
σee − σgg = |e⟩⟨e| − |g⟩⟨g| = σz. (4.15)

Finally, the quantum Rabi model Hamiltonian, neglecting the constant terms in Hfield

and Hatom, and considering natural units (ℏ = 1), will be:

HQRM = ωfa
†a+

ωa

2
σz + gσx(a† + a). (4.16)

Figure 4.1: Unconnected subspaces of QRM Hilbert space labelled by their parity. The blue
arrows indicate transitions due to the rotating terms and green arrows represent the transitions
due to counter-rotating terms [6].

When considering HQRM , we can observe that the total number of excitations N̂exc =

a†a + σ+σ− is not conserved, as [HQRM , N̂exc] ̸= 0. In contrast, parity is conserved,
with the parity operator defined as P̂ = eiπN̂exc , for this reason, we can distinguis two
unconnected subspaces inside the Hilbert space, labelled by their parity [6]. To get a
better understanding of the interaction, we can separate the interaction term into two
parts:
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4.2. Regimes for Light-matter Coupling

HQRM = ωfa
†a+

ωa

2
σz + g(σ−a† + σ+a) + g(σ+a† + σ−a). (4.17)

The first interaction term g(σ−a† + σ+a) is known as the rotating term and it is re-
sponsible for the transitions where the total number of excitations is conserved, i.e.,
the energy is conserved. The second term g(σ+a† + σ−a) is the counter-rotating term,
responsible for the transitions that do not conserve the total number of excitations, but
produces transitions that generate or loss 2ω of energy (see 4.1). Despite its simplicity,
the solution for its eigenspectrum is not trivial to obtain [39, 40].
For regimes where the coupling constant is small compared with the bare energies of
the system, the rotating wave approximation can be applied, which allows to neglect
the non-energy conserving terms, i.e., the counter-rotating terms, and gives rise to a
simplified model, the Jaynes-Cummings Model (JCM):

HJCM = ωfa
†a+

ωa

2
σz + g(σ−a† + σ+a). (4.18)

In the JCM, both parity and total number of excitations are conserved, and the infinite
dimensional Hilbert space of the QRM reduces to a two-dimensional space of states:
|e, n⟩ ↔ |g, n+ 1⟩. Consequently, for this model, an analytical solution can be found
knowing the initial state, allowing for the study of the effects in the quantization of
the model, which gives rise to phenomenons such as collapses and revivals of the
population inversion, etc [38].

4.2 Regimes for Light-matter Coupling
From the previously defined QRM Hamiltonian (4.16), we can appreciate that the
strength of the interaction between light and matter is given by the coupling constant
g. The behaviour of this model will vary considerably depending on the value of this
constant compared to the bare energies of the model.
There exist in the literature many different regimes where the coupling constant is
compared with different parameters of the model [41]. The more interesting, and
accordingly more studied, coupling regimes are the weak (WC), strong (SC), ultra-
strong (USC) and deep-strong (DSC). Although it may seem that these regimes compare
the same parameters of the model, it is not the case. The weak and strong coupling
regimes compare the relation between the coupling constant and the general losses in
the system g/{γ, κ}, where γ represents the cavity loss rate and κ represents the qubit
loss rate. The ultra-strong and deep-strong coupling regimes, in contrast, does not
consider the losses of the system but they describe the relation between the coupling
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constant and the bare energies of the system, i.e., the transition frequency of the cavity
and the atom g/{ωf , ωa}.
In this thesis we will center the attention into the USC and DSC regimes. The definition
of these regimes is closely related on the validity in the application of the rotating
wave approximation to obtain a reliable description of the model behaviour, and it is
traditionally determined by the relation η = g/ωf . From the ratio η it can be observed
how important the interaction term is and what approximations can or cannot be made.
From this parameter we can distinguish several situations:

• η < 0.1 : Regime where the rotating wave approximation (RWA) can be applied
and the QRM can be simplified into the JCM, for which an analytical solution can
be obtained.

• η ∼ 0.1− 1 : USC, regime where the RWA can no-longer be applied and the full
QRM Hamiltonian must be considered.

• η > 1 : DSC, regime where the light-matter coupling is really strong and new
phenomenology is predicted to be observed, such as modification of spectral
features of the system, etc.

Apart from this evaluation scale, there has been more proposals for the evaluation
of the coupling strength. Some articles suggest to consider the semi-classical critical
point gc0 as evaluation scale, where gc0 =

√
ωfωa/2 is obtained in the semi-classical

approximation ωf/ωa → 0 [42]. More general proposals have been made where the
evaluation scale gc0 is extended for all frequencies, suggesting a new scale gc, given
by gc =

√
ω2
f+
√

ω4
f+g4c0 [43]. From these new evaluation scales, the distinction between

different behaviors of the model relates to when g is smaller, comparable or bigger
than gc, leading to a more specific measure which also considers all the energies of the
system.

4.3 Ground State of the QRM
One interesting feature of the QRM is how the ground state of the model changes as
the coupling strength is increased. When we start with an uncoupled system, i.e., no
interaction between the field and the atom, the ground state of the combined system
will simply be the combination of the ground state of both individual systems: zero
number of excitations in the field (|n = 0⟩ ≡ |0⟩) and a ground state atom (|g⟩). As we
start increasing the coupling strength, the ground state begins to change.
For small values of g, it is still reasonable to approximate the ground state as the one of
the uncoupled system:
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Figure 4.2: Expected value of the number of excitations in the field ⟨a†a⟩ and the atom ⟨σ†σ−⟩
for a varying normalized coupling constant η = g/ωf , computed by numerical integration
using the software python package Qutip [7].

|G0⟩ ≈ |g⟩|0⟩ for η < 0.1. (4.19)

But as the coupling constant starts approaching values comparable with the bare
energies of the system, the ground state starts becoming more energetically favorable
to present atomic and field excitations (see 4.2). When the coupling constant gets
more relevant, and the system enters the USC regime, the ground state becomes a
superposition of states with an even number of excitations (conserving the parity) of
the form:

|G0⟩ = c0|g⟩|0⟩+ c1|e⟩|1⟩+ c2|g⟩|2⟩+ c3|e⟩|3⟩+ · · · for η ∼ 0.1− 1. (4.20)

Where |c0|2 >|c1|2 > |c2|2 > · · · . If the coupling is increased further, the system will
enter the DSC regime, where the ground state can be approximated as:

|G0⟩ ≈ (|+⟩|α⟩+ |−⟩|−α⟩)/
√
2 for η > 1. (4.21)

Where |±⟩ = (|g⟩ ± |e⟩)/
√
2 and |α⟩ is a coherent field state with α =

√
⟨a†a⟩. This

state is interesting as it can be rewritten as:

|G0⟩ ≈ |g⟩
(
|α⟩ − |−α⟩√

2

)
+ |e⟩

(
|α⟩+ |−α⟩√

2

)
. (4.22)
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Which represents an atom entangled with two field Schrodinger-Cat states: |catodd⟩ =
(|α⟩ − |−α⟩)/

√
2 and |cateven⟩ = (|α⟩+ |−α⟩)/

√
2.

4.4 Mapping of the QRM into a Digital Quantum
Computer

Digital quantum computers are constructed by qubits, which are essentially two-level
quantum-mechanical systems. In our model of interest, the QRM, we have two sub-
systems: a two-level atom and a single-mode bosonic field. In this case, it is easy to
see that the mapping of the two-level atom into a qubit will be simple, as both systems
present the same degrees of freedom. However, the single-mode bosonic field behaves
as a quantum harmonic oscillator, and consequently, it can present an infinite number
of excitations, which makes the mapping into qubits a difficult task. For this matter, in
this section we will apply the mapping proposed in [8] for bosonic systems.

Figure 4.3: Mapping of the QRM states into a DQC. The two level atom is represented by a
single qubit q0 and each of the possible excitation levels of the field is represented by a single
qubit (q1, q2, · · · , qnmax), using unary codification [8].

The mapping of the QRM into the two-level qubit system starts by defining the cor-
respondence between the possible states of the model and the possible states that we
could manipulate in a digital quantum computer. For this task, the two-level atom
will be represented by a single qubit, where the state |0⟩ would represent the atom in
ground state |g⟩ and |1⟩ the atom in the excited state; whereas for the mapping of the
bosonic field, we will need to use a certain amount of qubits, which will be dictated by
the maximum number of excitations nmax per mode that we want to consider for the
simulation and how we encode the possible states into the digital quantum computer
(see 4.3).

22



4.4. Mapping of the QRM into a Digital Quantum Computer

Bosonic State Unary Binary Gray
n=0 0000001 0000 0000
n=1 0000010 0001 0001
n=2 0000100 0010 0011
n=3 0001000 0011 0010
n=4 0010000 0100 0110
n=5 0100000 0101 0111
n=6 1000000 0110 0101

Table 4.1: Different types of encodings of bosonic states into a DQC [9].

|q0︸︷︷︸
Two-level Atom

q1q2 · · · qnmax︸ ︷︷ ︸
Bosonic Field

⟩ (4.23)

For the encoding of the bosonic field, we have chosen unary or one-hot encoding. Using
this encoding we will need a quantum register of nmax+1 qubits representing the state
of the single-mode bosonic field, where only one of them will present the value one
when measured, indicating the state of the field measured.
There exists different types of encodings, some of which are more compact that the one
used here, as standard binary or grade encoding (see 4.1). More compact encodings, in
general, reduce the number of qubits needed for the representation of the states but
require a larger number of operations for the simulation of the evolution [9]. For the
selection of encoding to simulate a certain system there are many aspects to take into
consideration: the structure of the Hamiltonian and the interactions representing the
system, the connectivity of our quantum computer architecture, the main sources of
errors, etc. In this case we have chosen unary encoding as it reduces the number of
operations, which we believe that account for the largest amount of errors in NISQ
devices, but as a downside, we sacrifice scalability as the number of qubits necessary
scales linearly with the system size.
Once we have the state representation, we need to map the operators of the model
to be able to simulate the evolution using the digital quantum computer. Once again,
the operators acting on the two-level atom can be directly mapped to the quantum
computer thanks to the similarity of both systems, mapping every Pauli operator to a
Pauli operator acting on the qubit representing the atom: σz → σ

(q0)
z and σx → σ

(q0)
x .

For the mapping of the bosonic creation and annihilation operators we use the mapping
proposed in [8]:
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a† →
nmax∑
n=1

√
nσ

(n)
+ σ

(n+1)
− ,

a→
nmax∑
n=1

√
nσ

(n)
− σ

(n+1)
+ .

(4.24)

Substituting the mapping of the operators into the QRM Hamiltonian in 4.16:

H̃QRM = ωf

nmax∑
n=1

[
n σ

(n)
+ σ

(n+1)
− σ

(n)
− σ

(n+1)
+

]
+

ωa

2
σ(0)
z

+ gσ(0)
x

nmax∑
n=1

[√
n
(
σ
(n)
+ σ

(n+1)
− + σ

(n)
− σ

(n+1)
+

)]
.

(4.25)

After some algebra, applying the properties of Pauli operators, we reach the expression:

H̃QRM = ωf

nmax∑
n=1

[n
4

(
σ(n)
z − σ(n+1)

z − σ(n)
z σ(n+1)

z

)]
+

ωa

2
σ(0)
z

+ gσ(0)
x

nmax∑
n=1

[√
n

2

(
σ(n)
x σ(n+1)

x + σ(n)
y σ(n+1)

y

)]
.

(4.26)

Now we present a mapped Hamiltonian in terms of Pauli operators which, as seen
in chapter 2, can be implemented in a digital quantum computer architecture for its
simulation.
The evolution operator will be given by:

exp
(
−iH̃QRM t

)
≈
( nmax∏

n=1

[
exp

(
−iωfn

4
σ(n)
z

t

s

)
exp

(
i
ωfn

4
σ(n+1)
z

t

s

)
exp

(
i
ωfn

4
σ(n)
z σ(n+1)

z

t

s

)]
exp

(
−iωa

2
σ(0)
z

t

s

)
nmax∏
n=1

[
exp

(
−ig

√
n

2
σ(0)
x σ(n)

x σ(n+1)
x

t

s

)
exp

(
−ig

√
n

2
σ(0)
x σ(n)

y σ(n+1)
y

t

s

)])s

,

(4.27)
where s represents the number of trotter steps used in the approximation. For the
approximation, it is worth noting that the first four terms of the Hamiltonian (3nmax+1
in general) commute with each other, what means that no error is produced by the
decomposition into a product of exponentials. However, the terms resulting from the
coupling part of the Hamiltonian, do not commute with each other neither with the
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first four terms mentioned before, then all the error in the decomposition comes from
the decomposition of this two terms (2nmax in general).

4.5 Digital quantum simulation of the
time-independent QRM

To perform the simulation of the system, and all the following quantum circuit simu-
lations of the thesis, we have used the "Statevector" simulator from the Qiskit Python
package [44]. The used simulator mimics the execution of an actual quantum com-
puter, without noise errors, which will account for an ideal or error-corrected quantum
computer. By implementing the expression 4.27 we can simulate the dynamics of the
QRM.

t (ω−1
f )

0.0

0.2

0.4

0.6

0.8

1.0

P g
(t)

nmax=4, g=0.75

Exact
Simulated

t (ω−1
f )

0.0

0.2

0.4

0.6

0.8

1.0

P g
(t)

nmax=5, g=1

t (ω−1
f )

0.0

0.2

0.4

0.6

0.8

1.0

P g
(t)

nmax=6, g=√2

0.0 2.5 5.0 7.5 10.0 12.5 15.0 17.5 20.0
t (ω−1

f )

0.0

0.5

1.0

1.5

2.0

2.5

⟨a
⟨ a
⟩

0.0 2.5 5.0 7.5 10.0 12.5 15.0 17.5 20.0
t (ω−1

f )

0.0

0.5

1.0

1.5

2.0

2.5

⟩.0

⟨a
⟨ a
⟩

0.0 2.5 5.0 7.5 10.0 12.5 15.0 17.5 20.0
t (ω−1

f )

0

1

2

⟩

4

⟨a
⟨ a
⟩

Figure 4.4: Results from the simulation of the dynamics of the time-independent QRM with a
DQC compared with the exact results, numerically obtained with the software Python package
Qutip [7]. The plot represents the evolution of the system starting in the ground state |g, n = 0⟩.
In the first row we compare the evolution of the probability of the atom being in the ground
state with the numerical results. In the second row we compare the evolution of the expected
excitation number of the fieldmodewith the numerical results. For the simulation the parameters
considered were: ωf = ωa = 1 and nT = 35 Trotter steps.

From the results obtained (see 4.4) we appreciate that the error increases with simulation
time, as predicted in the expression 2.4 from chapter 2. The error increase is of the
order O( t2

2nT
M) where nT represents the number of Trotter steps andM the number

of terms in the Hamiltonian.
As the coupling constant g increases, the states involved in the evolution will be
increasingly more likely to present higher number of excitations in the field mode,

25



4.6. Time-dependent QRM

for that reason, the simulation of scenarios of ultra-strong and deep-strong coupling
requires the consideration of a large maximum number of excitations nmax, what causes
the error to grow faster with simulation time and consequently, require a larger number
of Trotter steps and operations to keep the precision.
The number of gates required in each Trotter step is given by the expression:

Total # of operations = 27nmax + 1,

# of single-qubit gates = 17nmax + 1,

# of two-qubit gates = 10nmax.

(4.28)

Despite the theoretical expressions in (4.28), when the circuit is implemented some
of the quantum gates can become redundant and some of them can be combined into
one single operation. For that reason, for the implementation, the number of gates per
Trotter steps can be reduced (see 4.5).
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Figure 4.5: Representation of the number of gates or operations for one Trotter step and
different values of maximum number of excitations considered nmax

4.6 Time-dependent QRM
In the present section we are going to considered a slightly different Hamiltonian
representing the QRM, the time-dependent QRM Hamiltonian:

HQRM [t] = ωfa
†a+

ωa

2
σz + λ[t]gσx(a† + a). (4.29)

In this model, the coupling term becomes time-dependent, and the problem can be seen
as an Adiabatic Quantum Computation (AQC) problem. In this case we are interested
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4.6. Time-dependent QRM

in simulating the preparation of the ground state of the QRM for different coupling
regimes, observing how it changes as the coupling constant g is increased.
For that matter, the process will start with the ground state of the uncoupled light-matter
system, then we evolve the state adiabatically, increasing the time-dependent function
λ[t] from zero to one, to reach the ground state of the final full QRM Hamiltonian with
a tunnable value of the coupling constant g.
As required in AQC, the initial HamiltonianHi = ωfa

†a+ ωa

2
σz and its ground state

|ψi⟩ = |g, n = 0⟩ are previously known, and we are interested in reaching the ground
state |ψf⟩ of the final HamiltonianHf = ωfa

†a+ ωa

2
σz + gσx(a† + a). In general, to

reach the final ground state with high fidelity, we require long simulation times, as we
need to avoid possible excitations.

Figure 4.6: Evolution of the Hamiltonian eigenvalues, with the occupation probability encoded
in the red line width (first row) and the evolution of the occupation probability of the different
eigenstates (second row), starting in the ground state of the initial HamiltonianHi and evolving
the system for different values of evolution time T. Where τ = t/T and the values of the model
used are: ωf = 1, ωa = 0.1, g =

√
2. Obtained by numerical integration via the software Qutip

[7].

From 4.6 we can appreciate that the reduction of the total evolution time T causes
a decrease in the probability of ending up the evolution in the ground state of the
final Hamiltonian Hf . It is worht noting that, as we increase the value of the coupling
constant g, the evolution, to remain adiabatic, needs longer simulation times, as the
term responsible for the transitions becomes dominant.
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4.7. Digital quantum simulation of the time-dependent QRM

4.7 Digital quantum simulation of the
time-dependent QRM

In this section we explore the quantum digital implementation of the time-dependent
QRM. The problem that we intend to address is the one described in 4.6, starting in
the initial ground state of the decoupled QRM Hamiltonian, we implement a quantum
digital circuit that mimics the real adiabatic evolution, to reach the final ground state of
the full-interaction QRM Hamiltonian, for different coupling regimes g and evolution
times T .
For the quantum digital simulation of the time-dependent QRM Hamiltonian, the first
step is to map it onto spin operators, so that the implementation into a quantum circuit
becomes possible. For the mapping we repeat the process described in section 4.4, to
reach the mapped expression:

H̃QRM(t) = ωf

nmax∑
n=1

[n
4

(
σ(n)
z − σ(n+1)

z − σ(n)
z σ(n+1)

z

)]
+

ωa

2
σ(0)
z

+ η(t)σ(0)
x

nmax∑
n=1

[√
n

2

(
σ(n)
x σ(n+1)

x + σ(n)
y σ(n+1)

y

)]
.

(4.30)

Where η(t) = g λ(t). Then the decomposed evolution operator described by the QRM
Hamiltonian will be:

T̂ exp
(
−i
∫ t

0

HQRM(t′) dt′
)

≈
nT∏
k=0

( nmax∏
n=1

[
exp

(
−iωfn

4
σ(n)
z ∆t

)
exp

(
i
ωfn

4
σ(n+1)
z ∆t

)
exp

(
i
ωfn

4
σ(n)
z σ(n+1)

z ∆t
)]

exp
(
−iωa

2
σ(0)
z ∆t

)
nmax∏
n=1

[
exp

(
−iη(k∆t)

√
n

2
σ(0)
x σ(n)

x σ(n+1)
x ∆t

)
exp

(
−iη(k∆t)

√
n

2
σ(0)
x σ(n)

y σ(n+1)
y ∆t

)])
.

(4.31)
Where∆t = t/nT . This form of the evolution operator can now be implemented into a
quantum circuit for the simulation of the time evolution.
In 4.7 we show the result of the simulation via the quantum circuit implementation for
the time-evolution operator just described, compared with the numerical simulation of
the time-evolution and the exact ground state of the final Hamiltonian. From the results
we can appreciate two tendencies: as the evolution time T shortens, the simulation
error increases; and this increase in the error is larger as the value of the coupling
constant g increases.
When quantum-digitally simulating a time-dependent Hamiltonian, we can distinguish
two main sources of error: the error produced by the digitalization of the Hamiltonian,
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4.7. Digital quantum simulation of the time-dependent QRM
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Figure 4.7: Comparison of the probability distribution of the final state obtained by evolving the
initial state |ψi⟩ = |g, n = 0⟩ using the time-evolution operator described by the exponentiation
of the QRM Hamiltonian, for different values of evolution time T and coupling constant g. The
time evolution was performed numerically using the software Qutip (orange), using the time
evolution operator implemented in a digital quantum circuit using Qiskit (green), and compared
with the numerically obtained ground state of the final full-interaction QRM Hamiltonian (blue).
The rest of the parameters were set to: ωf = 1, ωa = 0.01 and nT = 50.

Trotter Error (TE), and the error derived from applying a finite evolution time T,Adiabatic
Error (AE). From the results in 4.7, we can distinguish the effect of both types of
errors: The TE can be measured as the difference between the exact time-evolved
state calculated numerically (orange) and the simulated time-evolved state obtained
by the constructed quantum circuit (green); the AE, in contrast, can be seen as the
difference between the exact time-evolved state (orange) and the real ground state of
the final Hamiltonian (blue). For long evolution times T and small coupling constant
g (a, d), both the AE and TE are small; as the time evolution T shortens for small g,
we appreciate that the difference between the exact time-evolution (orange) and the
circuit simulation (green) is really small, then the TE is small, but the difference with
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4.7. Digital quantum simulation of the time-dependent QRM

the exact ground state is a little bit larger, due to the AE (g). This difference becomes
more dominant for larger values of g, from (h) we appreciate a small amount of TE,
showing as the difference between the exact time evolution (orange) and the simulated
time evolution (green) and an even larger amount of AE, showing as the difference with
the exact ground state. Eventually we see that for short T and large g, the simulation
results have low fidelity due to the presence of large AE and TE (i). In general, we can
appreciate a decrease in the fidelity of the results with respect to the exact ground state
as T shortens and g becomes more dominant.
The results were obtained for a fixed number of Trotter steps nT = 50. This number of
Trotter steps could be increased or decreased to balance the accuracy and resources
of the circuit needed for the simulation. The increase in the number of Trotter steps
only decreases the TE, leaving the AE untouched, what can be problematic in scenarios
where the AE is large. Then the dependence of the AE is purely on the time evolution
T , whereas the TE depends both on T and the number of Trotter steps nT . In 4.8 we
compare how the change in nT and T affect the fidelity of the results for an scenario of
deep-strong coupling. From the result we can appreciate a region of low fidelity for
short evolution times T , which remains constant no matter how many Trotter steps
we consider, this faulty region is due to the AE. Furthermore, we can appreciate that
as T increases, fow low numbers of nT , there appears a region of low fidelity results,
this region corresponds to a region of large TE. We expect the boundary of this region
with the rest of the high fidelity results to present a logarithmic shape, as the Trotter
error scales with O(T 2M/2nT ), then the simulation of long evolution times becomes
increasingly intractable.
The cost in terms of quantum operations to simulate the time-dependent version
of the QRM, in general, is larger than for the time-independent one. The number
of quantum operations per Trotter step is the same as for the time-independent case
studied previously 4.28, however, in general, we need a larger amount of Trotter steps to
achieve high fidelity results, due to the extra time decomposition of the time-dependent
part of the Hamiltonian.
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4.7. Digital quantum simulation of the time-dependent QRM
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Figure 4.8: Fidelity results from the digital quantum simulation of the time evolution of the
QRM Hamiltonian applied to the state |ψi⟩ = |g, n = 0⟩ for obtaining the ground state of
the full-interaction QRM Hamiltonian, for different values of evolution time T and number of
Trotter steps nT . The rest of the parameters were fixed to: ωf = 1, ωa = 0.01 and g =

√
2.
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5 STA for the Digital Quantum
Simulation of the Rabi Model

Shortcuts to Adiabaticity (STA) are a set of techniques design to suppress the diabatic
behaviour of a quantum system (see 3.2). Their use have been mainly focused in design-
ing quantum control protocols to treat quantum-mechanical systems in experimental
setups. Recently, a new combined paradigm between Adiabatic Quantum Computa-
tion performed in Digital Quantum Computers was presented [3], which combines the
strength of the adiabatic algorithm to encode and solve a wide range of problems, with
the generality of digital quantum computing that allows the implementation of wider
range of interactions and is compatible with error correction protocols. The application
of STAs to this new computing paradigm proved to be helpful for the reduction of the
circuit depths and the increase of the fidelity of the results [4]. In this section we explore
how the simulation of the time-dependent QRM, which essentially can be viewed as an
adiabatic quantum computational problem, can be enhanced by the application of STAs
techniques.

5.1 STA for the time-dependent QRM
To suppress the adiabatic error (AE) observed when studying the time-dependent QRM,
we can use the STA technique Counter-diabatic driving, reviewed in 3. As adiabatic
transformation we are going to consider the transformation proposed in [22]:

U [t] = |+⟩⟨+|D (−η[t]) + |−⟩⟨−|D (η[t]) , (5.1)

having that D(η[t]) = exp(η[t]a† − η∗[t]a) is the displacement operator, and |+⟩⟨+| =
1
2

1 1
1 1

 and |−⟩⟨−| = 1
2

 1 −1
−1 1

 are the eigenstates of σx.

This transformation is valid for regimes where ωa ≪ g, diagonalizing the QRM Hamil-
tonian. From the theoretical formulation 3.9, the CD term will be:
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5.1. STA for the time-dependent QRM

HCD = i U̇U † = iσx(η̇
∗[t] a− η̇[t] a†). (5.2)

By applying the CD driving to the system, we achieve a reduction of the AE, allowing
for faster evolutions without undesired excitations.

Figure 5.1: Evolution of the Hamiltonian eigenvalues, with the occupation probability encoded
in the red line width (first row) and the evolution of the occupation probability of the different
eigenstates (second row), starting in the ground state of the initial HamiltonianHi and evolving
the system including the CD driving for different values of evolution time T , where τ = t/T
and the values of the model used are: ωf = 1, ωa = 0.1, g =

√
2. Obtained by numerical

integration using the software Python package Qutip [7].

From 5.1 we appreciate that by adding the additional counter-diabatic driving, we can
reduce T , making the evolution to the final Hamiltonian much faster, but still preserving
nearly full probability of ending up in the ground state of the final Hamiltonian.
Additionally, we wanted to explore the application of the nested formula to obtain
an approximated CD term, as reviewed in chapter 3.3. With this new perspective, we
aimed to obtain a more general approximated CD term, not only restricted to cases
where ωa ≪ g but applicable to a wider range of frequencies. By taking first order
approximation in the nested formula 3.13, we obtain the approximated expression:

A∗
λ = α[t]

(
iωfσx(a

† − a)− ωaσy(a
† + a)

)
,

HCD = λ̇[t]A∗
λ = α[t] λ̇[t]

(
iωfσx(a

† − a)− ωaσy(a
† + a)

)
.

(5.3)

To obtain an expression for α[t], we need to treat it as a variational parameter, and
obtain its value by minimizing the action Sλ (see appendix A). The expression obtained
is:
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5.2. Digital quantum simulation of the time-dependent QRM assisted via STA

α[t] =
−(ω2

f + ω2
a)

ω4
f + ω4

a + 6ω2
f ω

2
a + 4λ[t]2

(
1

nmax
ω2
f + (nmax + 1)(2n2

max + nmax − 1)ωa

) . (5.4)

If we consider that the maximum possible number of excitation in the mode is infinite
nmax → ∞, the driving will only be non-zero for the cases when ωa → 0. Under this
condition, our expression will be reduced to α[t] = −1/ω2

f . Applying this coefficient
into the expression we derived in (5.3) we recover the firstly proposed term (5.2). This
way we propose a more general expression for the CD term, which includes an extra
generator term, which might be useful in certain scenarios.

5.2 Digital quantum simulation of the
time-dependent QRM assisted via STA

In this section we compare how the digital implementation of the QRM Hamiltonian
with the addition of the digitized CD term, affect the simulation, in terms of fidelity and
resources needed for achieving high fidelity results. In the study we consider different
values of evolution time T and number of Trotter steps nT applied in the digitalization
process.
The calculated CD term can be mapped into spin operators, following the same proce-
dure covered in (4.4):

H̃CD(t) = η̇(t)
nmax∑
n=1

√
n

2
(σx

0σ
y
nσ

x
n+1 − σx

0σ
x
nσ

y
n+1). (5.5)

Then it can be added to the original time-dependet QRM expression (4.30) and imple-
mented into a quantum circuit via the decomposition of its unitary operator.
To understand the effect of adding the CD term to the simulation we explored how
evolving the initial ground state of the decoupled QRM Hamiltonian, using three
different Hamiltonians: the QRM Hamiltonian HQRM , the QRM Hamiltonian with the
additional CD drivingHQRM +HCD and the single CD termHCD, leads to the ground
state of the final full interaction QRM.
From (5.2), focusing on the first row, we can appreciate that for small evolution times,
the implementation of the single HQRM fails to achieve high fidelity results. This is
due to the presence of adiabatic error, that causes the system to excite and end up in
a different state, as discussed in the previous chapter. Clearly, when the CD term is
added, the adiabatic error gets suppressed, achieving higher fidelity results. However,
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Figure 5.2: Two dimensional comparison of the Fidelity between the numerically calculated
ground state and the one obtained by evolving HQRM , HQRM +HCD and HCD for different
values of evolution time T and number of Trotter steps nT . In the first row the parameter ωa

was set too 0.01 and for the second row it was set to 1. The rest of the parameters of the system
where set to: ωf = 1 and g =

√
2.

we can observe that for long evolution times and a small number of Trotter steps, the
region of low fidelity results persists. This faulty region is due to the other source of
error, the Trotter error, which remains unaffected by the introduction of the CD term.
As the CD term required certain condition to be applicable (ωa ≪ g, ωf ), in the second
row of (5.2) we explored how its effect changes when the condition is not fulfilled
(ωa ∼ g, ωf ). From the results we conclude that even in this scenario, the addition
of the CD term cancels the diabatic response and offers an slight improvement of the
fidelity.
Additionally, during the study of the CD term implementation, we observed that its
application alone offers a direct transition into the final ground state, coupling directly
the initial and final states (see third column in 5.2). The fidelity produced by this
transition only depends on the number of Trotter steps used in the decomposition,
and losses the dependence on the time evolution. These transitions are known for
other systems, such as STIRAP in three-level atoms [45, 46], where a direct transfer
of population to certain states can be made. In this case, this direct transition can be
utilized for simulation purposes, offering a reduction in the number of Trotter steps
and, additionally, a reduction of the number of operations per Trotter step (see 5.3).
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5.2. Digital quantum simulation of the time-dependent QRM assisted via STA

From the results we can conclude that for reaching high-fidelity final ground states out
of the digital evolution of the bare HQRM we need relatively long evolution times and,
in general, many Trotter steps. By adding the CD driving, resulting inHQRM +HCD,
we can reduce the evolution time necessary, also adding a general reduction of the
number of Trotter steps necessary to produce high-fidelity states, however increasing
the number of operations per Trotter step. The novel result relies on using the CD term
HCD alone to produce direct transitions to the desired final ground state, offering a
reduction in total evolution time and number of trotter steps for high fidelity results.
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Figure 5.3: Number of operations (gates) necessary, without considering the possible reduction
due to redundancy, for implementing one Trotter step for the different Hamiltonians considered:
HQRM ,HQRM +HCD andHCD .
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6 Conclusion and Outlook

The first objective of the project was to explore the quantum digital simulation of the
Quantum Rabi Model, making an estimation of the resources needed for its implementa-
tion. The second objective was to explore how the addition of Shortcut to adiabaticity
techniques affect the results of the simulation, in terms of the fidelity and resources
required.
From the results we observe that the cost, in terms of number of qubits and quantum
operations, to digitally quantum simulate the Rabi model up to a reasonable precision,
is considerably large. The simulation of such model in NISQ devices would be really
difficult to implement, even up to relatively small scales. Additionally, there can be
implementation problems due to the high non-locality of the model. After the mapping,
for all the mapping techniques explored, we present a circuit where all the qubits
representing the possible excitations of the field mode, must interact with the qubit
representing the two-level atom. This fact can be a problematic aspect due to the
restricted interconnectivity in real-hardware quantum computer architectures. For that
reason, we expect an extra cost in terms of number of qubits, that would act as ancillas,
to achieve the interconnection required.
However, digital quantum simulation still proves to be one of the strongest and more
general approaches for quantum simulation in the long term. In this project we have
studied the application of STA techniques to enhance the performance of the algorithms.
First, we studied the derivation of the counter-diabatic term, using the recently proposed
method of the nested commutator formula [5]. Using this method we obtained a new
general expression that adds an extra term to the previous one, which could be useful in
certain applications, while still being consistent with the other expression, which can
be recovered assuming ωa ≪ g, ωf . From the results of applying the CD term to the
simulation, we have observed an improvement of the method in terms of resources and
time evolution required. By adding a CD term we notice a reduction in the number of
Trotter steps and evolution time necessary for achieving high fidelity simulation results,
specially for regimes where the transition frequency of the atom is small compared
with the rest of the frequencies of the model. The inclusion of the CD offers a reduction
of the number of trotter steps, although assuming an extra cost of more gates per
Trotter step, making the overall reduction in terms of gates small. Nevertheless, here
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we propose the use of the single CD term as a method to create a direct driving from the
initial to the final desired state, which proves to offer an extra reduction of the number
of Trotter steps and number of gates per Trotter step, and a large suppression of the
evolution time dependence.
For future investigation, we propose the application of STA techniques for the simulation
of more complex models of light-matter interaction, such as the Dicke or Hopfield
models, as for further complex models such as the Hubbard and Bose-Hubbard models,
for which obtaining the ground state is a more complicated task. Furthermore, recently
there have been studies that propose the combination of CD term with variational
approaches where the CD term coefficients are variationally optimized [47]. Out of
this new findings, it would be interesting to explore the use of our approximated CD
expression in combination with this methods for finding the optimal coefficient α to
simulate different parameter regimes.
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A Derivation of an approximate CD term
for the QRM

For the calculation of the counter-diabatic term (CD), we present the QRM as an adiabatic
computation problem. The final Hamiltonian, that we intend to adiabatically reach,
would be the full interaction QRM Hamiltonian:

HQRM = ωf a
†a+

ωa

2
σz + g σx (a† + a) = Hfinal. (A.1)

As starting point, we consider the decoupled QRM Hamiltonian, where the system is
considered to have no interaction:

HQRMDecoupled = ωf a
†a+

ωa

2
σz = Hinitial. (A.2)

The adiabatic quantum computing problem will be formulated as:

H(t) = (1− λ(t))Hinitial + λ(t)Hfinal,

H(t) = ωf a
†a+

ωa

2
σz + λ(t) g σx (a† + a).

(A.3)

Where λ(t) is a function that goes from zero to one throughout the evolution.
By the resolution of this problem, we are interested in reaching the ground state of the
HQRM for different values of the coupling constant g. From the Adiabatic Theorem, it
follows that, if we start in the ground state of Hinitial, and we make the evolution slow
enough, i.e., satisfying the adiabatic condition, we will reach the ground state of Hf

with high probability.
To make the evolution faster, we can consider calculating a CD term. The exact calcula-
tion of this type of terms can be complicated for systems that do not present a clear
analytical solution, i.e., cannot be diagonalized, which is the case for the QRM:
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Hadiabatic(t) = H(t) +HCD(t),

HCD(t) = λ̇(t)Aλ(t).
(A.4)

The adiabatic gauge potential Aλ can be approximated using the expression:

A(l)
λ = i

l∑
k=1

αk [H0, [H0, · · · [H0︸ ︷︷ ︸
2k−1

, ∂λH0]]]. (A.5)

To first order approximation l = 1:

A∗
λ(t) = i α(t) [H, ∂λH]

= α(t) (i ωf σ
x (a† − a)− ωa σ

y (a† + a)).
(A.6)

To obtain an expression for α(t), we must treat it as a variational parameter, and obtain
its value by minimizing the action Sλ:

Sl = Tr[G2
l ], Gl = ∂λH0 − i[H0,A∗

λ]. (A.7)

Gl =σx (a† + a) + α(t) (ω2
a + ω2

f )σ
x (a† + a) + 2i α(t)ωf ωa σ

y (a† − a)

+ 2λ(t)α(t)ωf − 2λ(t)α(t)ωa σ
z (a† + a)2

(A.8)

Tr[G2
l ] =(1 + 2α(t) (ω2

a + ω2
f ) + α2(t) (ω2

a + ω2
f ))Tr(1⊗ (a† + a)2)

− 4α2(t)ω2
f ω

2
a Tr(1⊗ (a† − a)2) + 4λ2(t)α2(t)ωf Tr(1⊗ 1n×n)

+ 4λ2(t)α2(t)ω2
a Tr(1⊗ (a† + a)4)

(A.9)

Then considering the property of the trace: Tr(Â ⊗ B̂) = Tr(Â)Tr(B̂), and the
following expressions:

Tr((a† + a)2) = n(n+ 1), (A.10)
Tr((a† − a)2) = −n(n+ 1), (A.11)
Tr(1n⊗n) = n+ 1, (A.12)
Tr(1) = 2, (A.13)
Tr((a† + a)4) = n(2n2 + n− 1). (A.14)
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Where n is the maximum number of excitations considered, in real physical systems it
would be infinite n→ ∞. Then the action to be minimized will be:

Sl = Tr[G2
l ] =

(
2n(n+ 1) + 4α(t) (ω2

a + ω2
f ) + 2α2(t) (ω2

a + ω2
f )

2

+ 8α2(t)ω2
a ω

2
f

)
n(n+ 1) + 8λ2(t)α2(t)ωf (n+ 1)

+ 8λ2(t)α2(t)ω2
a n(2n

2 + n− 1).

(A.15)

And by minimization with respect to α(t) we obtain:

α(t) =
−(ω2

f + ω2
a)

ω4
f + ω4

a + 6ω2
f ω

2
a + 4λ2(t)

(
1
n
ω2
f + (n+ 1)(2n2 + n− 1)ωa

) . (A.16)

As in the real physical scenario n→ ∞, the only non-zero possible result comes when
we consider ωa → 0. In that case

α(t)
ωa→0−−−→ −1

ω2
f

,

HCD(t)
ωa→0−−−−−−−→

α(t)→−1/ω2
f

i η̇(t)σx (a− a†),
(A.17)

where η(t) = λ(t) g
ωf
, recovering the expression proposed by [22].
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